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Particle definition in the presence of black holes
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A canonical particle definition via the diagonalization of the Hamiltonian for a quantum field theory in
specific curved space-times is presented. Within the provided approach radial ingoing or outgoing Minkowski
particles do not exist. An application of this formalism to the Rindler metric recovers the well-known Unruh
effect. For the situation of a black hole the Hamiltonian splits up into two independent parts accounting for the
interior and the exterior domain, respectively. It turns out that a reasonable particle definition may be accom-
plished for the outside region only. The Hamiltonian of the field inside the black hole is unbounded from above
and below and hence possesses no ground state. The corresponding equation of motion displays a linear global
instability. Possible consequences of this instability are discussed and its relations to the sonic analogues of
black holes are addressed.
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I. INTRODUCTION

At present we know two very fundamental and effectu
theories in order to describe nature, quantum theory and
eral relativity. But a satisfactory unification of these distin
theories is still missing. One possibility to achieve som
progress towards this aim is expected to be provided by
consideration of quantized fields in given classical spa
times. Within this treatment the metric plays the role of
external background field. Various investigations have b
devoted to this topic during the last decades. In order
mention only some of the most important initial papers
chronological order: In 1972 Fulling@1# noticed the non-
uniqueness of the particle interpretation in curved spa
times ~which may be regarded as the basis for several
fects!. Two years later Hawking@2# found out that black
holes are not completely black but possess a thermal be
ior caused by the conversion of the initial vacuum fluctu
tions. A short time after this striking discovery Davies@3#
showed that also a uniformly accelerated mirror—treated
a mirror at rest in the Rindler metric—creates a thermal sp
trum. In 1976 Unruh@4# recognized the fact that even
uniformly accelerated observer in the Minkowski vacuu
feels environed by a thermal bath. Many examinations h
been accomplished since these basic papers, see e.g.@5–31#
and references therein. Now black holes are very interes
touchstones in order to test candidates for the theory
unifies general relativistic and quantum aspects. The re
sentations of black holes within the underlying theory a
expected to reproduce their main properties.

The main intention of this article is to provide a canonic
approach to quantum field theory in specific curved spa
times and a related particle definition, together with an
vestigation of the consequences of this formalism.

This paper is organized as follows: In Sec. II we set
the equations which describe the quantum field under c
sideration together with the assumptions necessary for
particle definition. Based on methods of functional analy
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we propose in Sec. III a canonical approach to the part
definition via the diagonalization of the Hamiltonian. Th
procedure is applied to some flat space-times in Sec. IV
order to elucidate the underlying mechanism. Section V c
siders the space-time of a black hole and Sec. V A pres
the particle definition for the exterior domain. In Sec. V
we examine the quantized field inside the black hole a
deduce the unstable behavior of its time-evolution. Poss
consequences of this instability are discussed in Sec.
and its implications for the sonic analogues of black ho
are pointed out in Sec. V D. We shall close with a summa
some discussions and an outline. Throughout this art
natural units withG5\5c5kB51 will be used. Lowercase
Greek indices such asm,n vary from 0 ~time! to 3 ~space!
and describe space-time components. Lowercase Roma
dices i , j range from 1 to 3 and label only the space.~For
both we employ the Einstein sum convention.! Uppercase
Roman indicesI ,JPN may assume all natural numbe
while uppercase Greek indices likeG,L may be more gen-
eral, e.g. continuous.

II. EQUATIONS OF MOTION

We consider a minimally coupled, massless and neu
~i.e., real! scalar fieldF whose propagation in the space-tim
(M ,gmn) is described by the action

A5E
M

d4x
A2g

2
gmn~]mF!~]nF!, ~1!

with g5det(gmn). Possible potential terms such as a ma
term m2F2 or a conformal coupling termRF2/6 ~whereR
5R m

m denotes the Ricci scalar! do not alter the main conclu
sions; see Secs. III B and V B. The same holds true fo
charged and thus complex fieldF and F* . For reasons of
simplicity and considering the scalar fieldF as a model for
the photon field we restrict ourselves to the most sim
action in Eq.~1!.

Provided that the spatial surface terms arising from
integration by parts vanish the variation of the actiondA
50 leads to the Klein-Fock-Gordon equation
©2000 The American Physical Society14-1
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hF5
1

A2g
]m~A2ggmn]nF!50. ~2!

The corresponding inner product is defined by

~cuf!5
def

i E
S
dSmc* ]

↔
mf ~3!

with c]Jmf5c]mf2f]mc. In this definition the surface el
ementdSm already contains factors likeA2gS with the re-
sult dSmdxm5d4xA2g. For functions which fulfil the
Klein-Fock-Gordon equationhc5hf50 the inner prod-
uct is independent of the special surfaceS, cf. for instance
@29#. To see that, one has to use Gauss’ law

R
]MS

dSmAm5E
MS

d4xA2g¹mAm ~4!

and again to require vanishing spatial surface terms.

A. Preconditions

Now we have to specify the assumptions which are n
essary for an appropriate particle definition. At first we d
mand astrongly causal space-time M. This condition ensures
the essential physical principle of distinguishing cause
effect and forbids~for instance! the occurrence of close
time-like curves, cf.@33#.

As another requirement we impose astatic metricof the
space-timeM:

ds25gmndxmdxn5g00~r!dt21gi j ~r!dxidxj . ~5!

These two assumptions allow to factorise the space-timeM
5R^ G into time tPR and spacerPG with an open domain
G#R3. The Killing vector corresponding to the time tran
lation symmetry permits the definition of a conserved e
ergy. This fact is substantial for a physical reasonable p
ticle definition; see also Sec. II B below. On the other ha
the selection of a particular Killing vector refers to a class
associated observers whose time evolution is generate
this vector field. In general different Killing vectors genera
distinct particle definitions applying for the different obser
ers; see Sec. IV C below.

The third precondition we need is callednon-degenerated
signature. This fixes the signature of the metric inside t
domainG:

;rPG: g00~r!.0; @gi j ~r!# i j ,0. ~6!

In the latter inequality (gi j (r)) i j has to be understood as
matrix ~and not as the single components!, i.e. ;pPR3:p2

.0→pig
i j pj,0. Both quantities (g00 andgi j ) are continu-

ous and regular insideG but may diverge or vanish by ap
proaching the boundary]G. This might be the case for
horizon situated at]G. ~A g00-component of the metric tha
vanishes over a finite volume would create primary co
straints, see e.g.@32#.!
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As demonstrated above the possibility of performing t
integration by parts is a really important issue. According
our last assumption is aphysical complete region G. This
simply enforces the vanishing of the surface terms. The
currence of such boundary contributions always indicates
interaction with a system behind the surface. Such a reg
would not be physical complete. It should be noted here t
the validity of the integration by parts also includes perio
icity in angular coordinates, such asf (w)5 f (w12p). For
the above specified space-timeM5R^ G the spatial surface
terms read

E
]G

dSiFgi j ] jF50. ~7!

There are several ways to achieve the equation above.
Dirichlet boundary conditions one would demandF50 at
]G and for Neumann typedSig

i j ] jF50 at]G. But there is
also a third possibility for the disappearance of the surf
terms, namely if the components of the metric themsel
which are orthogonal to the surfacedSi approach zero at]G,
i.e. dSig

i j (]G)50. As stated above this might be the ca
for a horizon situated at the boundary]G.

Strictly speaking, there exist various definitions of a ho
zon, such as the event, apparent, Cauchy, particle, and p
tive horizon, cf.@33# and @27#. The definition of the particle
horizon refers to a special observer at a given time-l
word-line whereas the other horizons can be defined in
observer-independent way. Hence, the vanishing of the
tial surface terms~without constraints on the fields! implies
a priori only a particle horizon at]G. However, with some
additional requirements on the space-time, for insta
spherical symmetry and asymptotic flatness, the~particle!
horizon at]G meets the other definitions as well.

After having established the properties of the space-t
M, we arrive at the conclusion that it is globally hyperbo
~i.e. strongly causal and complete, cf.@33#! and the spatial
domainG represents for every timet a Cauchy surface.

B. Energy

For a time-independent metric the Noether theorem
mands the existence of a conserved energy. The ene
momentum tensor for the scalar field reads

Tmn5
2

A2g

dA
dgmn

5~]mF!~]nF!2
gmn

2
~]gF!~]gF!.

~8!

By virtue of the Klein-Fock-Gordon equationhF50 the
covariant divergence of the energy-momentum tensor v
ishes

¹mTn
m5

1

A2g
]m~A2gTn

m!2
1

2
Tab]ngab50. ~9!

In general this covariant equation does not lead to any c
served quantities due to the exchange of energy and mom
tum between the gravitational and the scalar field~second
4-2
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term!. But for a stationary metric (]0gab50) it is possible to
construct a conserved energy fluxj m utilizing the
(n50)-components

]m j m5]m~A2gT0
m!50. ~10!

This local conservation law allows for the introduction of
conserved energy as a global quantity via

E5
defE

G
d3xA2gT0

05E
G

d3rT0
0 . ~11!

For a Minkowski space-time whereT005T0
05T00 holds this

definition coincides~of course! with the usual energy. An-
other argument for the above defined energy for being
correct choice is the following: Starting from the actionA
we may define the Lagrange functionL such that

A5
defE dtL ~12!

holds. The Hamilton functionH as the Legendre transform
of this Lagrange function exactly coincides with the ener
of the fieldH5E.

III. PARTICLE DEFINITION

To provide a canonical definition of particles one has
indicate which properties the particles should exhibit. Fo
free ~linear! field we expect the particles to evolve indepe
dently and to carry a certain energy. As shown in Sec. II
for a static metric the energyE of the fieldF and its Hamil-
ton function H coincide. Consequently, both requiremen
can be satisfied by the diagonalization ofE5H or, equiva-
lently, the Lagrange functionL. Having defined the particle
via diagonalization ofH5E, the corresponding vacuumu0&
coincides with the ground state of the Hamiltonian and
energy. Of course, the procedure described above does
represent the only one possibility to accomplish the part
definition. Another approach is based on the ’’one-parti
structure’’ of classical solutions of the field equation, see e
@6,34,7,14,15# and the remarks in Sec. III F.

According to the definition in Sec. II B the Lagrang
function governing the dynamics of the field reads

L5
1

2EG
d3rg00~r!Ḟ21

1

2EG
d3rgi j ~r!~] iF!~] jF!,

~13!

where d3r denotes the spatial integration with the volum
elementd3r5A2gd3x.

To diagonalize this expression one has to deal with
elliptic partial differential operator which requires som
functional analysis. All of the used theorems can be found
@34,35# and are not cited explicitly in the following.

A. Hilbert space theory

To work with mathematically well-defined quantities w
have to set up some definitions.C0

`(G) denotes the set of al
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infinitely differentiable functionsu:G→R of compact sup-
port inside the open domainG. For two functions of this kind
u,vPC0

`(G) we define a scalar product via

$uuv%15
defE

G
d3rg00~r!u* ~r!v~r!. ~14!

The assumption of a non-degenerated signature in Sec.
is essential for this definition. Without a positiveg00 the
above expression would be a pseudoscalar product instea
a scalar product with$uuu%50↔u50. The latter property is
necessary for investigations concerning convergence. As
ery scalar product induces a normuuuuu25$uuu% it is now
possible to define a Hilbert space as the completion of
C0

`(G) functions with respect to this norm

L2~G,g00!5
def

C0
`~G!$•u•%1. ~15!

Because every C0
`(G)-function can be L2(G,g00)-

approximated by linear combinations of step functions, t
Hilbert space is separable.

The same procedure may be performed for vector-val
functionsu:G→R3. Again we may define a scalar produ
for two smooth functions of compact supportu,v
P@C0

`(G)#3 due to the non-degenerated signature

$uuv%35
def

2E
G

d3rgi j ~r!ui* ~r!v j~r!, ~16!

and in analogy the corresponding Hilbert space reads

L2
3~G,gi j !5

def

@C0
`~G!#3$•u•%3. ~17!

The advantage of the scalar products defined in such a
becomes evident if we use the linear partial differential o
erator

D:C0
`~G!,L2~G,g00!→L2

3~G,gi j !

f~r!→@] if~r!# i ~18!

to cast the Lagrange function into the simple form

L5
1

2
$ḞuḞ%12

1

2
$DFuDF%3 . ~19!

Nevertheless, this is still not a representation which
suitable for diagonalization. For that purpose we have
perform the spatial integration by parts~see Sec. II!. In
terms of functional analysis this means the construction
the adjoint operator. The domain of definition Def(D)
5C0

`(G) of the D-operator is dense inL2(G,g00).
As a consequence, its adjointD † exists as a linear oper
ator D †:Def(D †),L2

3(G,gi j )→L2(G,g00). For @C0
`(G)#3-

functions the spatial integration by parts is always possib
Accordingly, the domain of definition of the adjointD †

contains these functions@C0
`(G)#3,Def(D †) and is thereby
4-3
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RALF SCHÜTZHOLD PHYSICAL REVIEW D 63 024014
also dense inL2
3(G,gi j ). Therefore the twice adjointD ††

exists as a linear operator as wellD ††:Def(D ††)
,L2(G,g00)→L2

3(G,gi j ). Of course, these operators d
scribe physical reality only if one ensures the possibility
the spatial integration by parts via physical reasons as d
in Sec. II A.

B. K-operator

Now we are in the position to cast the Lagrange funct
into a form which can be utilized for the diagonalization
the system. With the definition of the elliptic partial diffe

ential operatorK5
def

D †D †† ~see also@1,25#! we arrive at

L5
1

2
$ḞuḞ%12

1

2
$FuD †D ††uF%1

5
def1

2
$ḞuḞ%12

1

2
$FuKuF%1 . ~20!

Every linear operator of the formK5D †D †† is non-
negative and self-adjoint and thus can be diagonalized.
us study the domain of definition Def(K) of this operator.
The twice adjoint operatorD †† is the closure of the origina
operatorD, i.e. D̄5D ††. Its domain of definition is the
completion of allC0

`(G)-functions

Def~D̄!5C0
`~G!$•u•%D ~21!

with respect to the graph scalar product which is defined

$uuv%D5
def

$uuv%11$DuuDv%3 . ~22!

One observes that the operator11K is exactly the Friedrich
extension~which is self-adjoint, see@35#! of the original op-
erator11KuC

0
`(G) mediated via the graph scalar product. A

a result, if the domainG has boundaries]G with Dirichlet
boundary conditions, these boundary conditions are alre
incorporated into the domain of definition of the operatorsD̄
andK, i.e.

fPDef~K!,Def~D̄!→f~]G!50. ~23!

To incorporate Neumann boundary conditions one has
start with an operator like (ui) i→] iu

i and to proceed in the
same way.

As mentioned in Sec. II, additional potential terms do n
alter the main conclusions. If we assume the scalar curva
to be a bounded2m2<R<RMax and smoothRPC`(G)
function we may introduce a new operator via

B:L2~G,g00!→L2~G,g00!

f~r!→~m21R!f~r!. ~24!
02401
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Obviously this operator is bounded, non-negative, and s
adjoint. In addition, since Def(D †D̄),Def(B)5L2(G,g00),
we may define a modifiedK-operator via

K5
def

D †D̄1BuDef(D †D̄) , ~25!

which is still self-adjoint and non-negative.

C. Spectral theory

As mentioned above, every self-adjoint operator can
diagonalized. One way to reveal this statement in a m
explicit form is the following theorem: For every self-adjoin
operatorK there exists a spectral familyE of orthogonal
projections with

K5E ldE~l!. ~26!

dE(l) contributes only for valuesl being in the spectrum
s(K) of theK-operatorlPs(K). The spectrums(K) of an
operatorK contains all complex numberszPC for which the

resolventR(z)5
def

(z2K)21 does not exist, i.e. (z2K)21 is
not a well and densely defined and bounded operator. F
self-adjoint and non-negative operatorK the spectrum is
purely real and non-negatives(K)#R1 . It splits up into
two parts, the point spectrumsp and the continuous spec
trum sc . The point spectrum is the set of all proper eige
valuesl corresponding to proper eigenfunctions

sp5$lPC:'u f l%:Ku f l%5u f l%l%. ~27!

The continuous spectrum contains all numbersl where (l
2K)21 formally exists, but is not bounded

sc5$lPC\sp :uu~l2K!21uu5`%. ~28!

The discrete spectrumsd is that part of the point spectrum
sp which incorporates all isolated pointsl of sp with a finite
number of corresponding eigenfunctionsu f l%. The continu-
ous spectrumsc may also be divided into two parts, th
absolute continuous spectrumsac, wheredE(l)/dl exists
as a weakly integrable operator, and the remaining sing
continuous spectrumssc.

To provide some physical insight into these abstract qu
tities we shall investigate the spectrum for a few examp
The discrete spectrumsd describes localized states, such
bound states or states of a field confined in a finite volum
The point spectrumsp may contain more points with addi
tional characteristics. E.g., if the operatorK governs the dy-
namics of the Maxwell fieldAm there is an infinite set of
eigenfunctions at the pointl50. These functions correspon
to the gauge invariance of this theory and do not cha
physical quantities. The absolute continuous spectrumsac
represents usually the scattering states, but the singular
tinuous spectrumssc may be related to more strange ph
nomena, like quasi-bound states, scattering states in ave
fractal measuredm` ~cf. Sec. III D below!, chaotic behavior,
etc.
4-4
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Fortunately, for smooth and regular coefficientsgmn with
an appropriate asymptotic behavior the spectrum of
K-operator is either purely discretes(K)5sd ~for a finite
volume! or absolute continuouss(K)5sac ~for an infinite
volume, see e.g.@34#!.

D. Spectral theorem

For our main intention, the diagonalisation of the L
grange function, it is suitable to make use of the followi
theorem: For every self-adjoint operatorK acting on a sepa
rable Hilbert space there exists a unitary transformationU
which diagonalizes it :UKU †5M. M denotes the multipli-
cation by argument: (Mf )(l)5l f (l). BecauseK is C-real,
i.e. (Kf)* 5K(f* ), we may construct a quasi-unitary tran
formation

V5S R~U!

I~U!
D :L2~G,g00!→ %

`

L2~s~K!,m`!5
def

L2~s,V!,

~29!

which is C-real (Vf)* 5V(f* ) and does also diagonaliz
the operatorVKV †5M.

Accordingly, the Hilbert spaceL2(s,V) is restricted to
real numbers and the associated scalar product reads

$uuv%s5$V †uuV †v%15(̀ E
s(K)

dm`~l!u`~l!v`~l!

5
def

X

G

uGvG . ~30!

BecauseL2(s,V) is a real Hilbert space overR, the usual
complex conjugation of the first argument in the scalar pr
uct disappears.

For a discrete spectrums(K)5sd the measuredm`(l)
denotes simply a sum and for an absolute continuous s
trum s(K)5sac an elementary integral possibly togeth
with a `-summation, cf. Eq.~30!. For example, thè -sum
may describe the angular quantum numbers for the Lapla
in spherical coordinates̀5 l ,m. Both, the`-summation and
the integration with the measuredm`(l) are now abbrevi-
ated by the indexG.

Performing the transformation of the fieldsuQ%s5VuF%1
the Lagrange function can be diagonalized

L5
1

2
$Q̇uQ̇%s2

1

2
$QuMuQ%s5

1

2X
G

~Q̇G
22vG

2QG
2 !,

~31!

with vG
25

def
lGPs(K)#R1 which will be called eigenfre-

quencies.
One should note that theuQ%s still depend on time

uQ(t)%s , only the spatial dependence is transformed byV.
Owing to the reality of the transformationV the amplitudes
QG(t) are real as well.
02401
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E. Canonical quantization

Starting with the diagonal Lagrange function in Eq.~31!
we are able to perform the canonical quantization proced
by imposing the usual equal time commutation relations

@$uuQ̂~ t !%s ,$P̂~ t !uv%s#5 i $uuv%s ,

@$uuQ̂~ t !%s ,$Q̂~ t !uv%s#5@$uuP̂~ t !%s ,$P̂~ t !uv%s#50,
~32!

which hold for all uu%s and uv%s . In this representation the
canonical conjugated momenta are simply determined
uP%s5udQ/dt%s .

Because of the isometry of the transformationV these
commutation relations are completely equivalent to the c

responding relations for the fieldF̂. For a static metric the
inner product is related to the scalar product via

~cuf!5 i $cuḟ%12 i $ċuf%1 . ~33!

As a consequence, the relations above are indeed identic
the commutators of the fields

@~cuF̂!,~F̂uf!#5~cuf!. ~34!

The Hamiltonian splits up into an infinite set of commutin
parts describing harmonic oscillators that are appropriate
a particle definition

Ĥ5
1

2
$P̂uP̂%s1

1

2
$Q̂uMuQ̂%s5

1

2X
G

~ P̂G
21vG

2Q̂G
2 !.

~35!

In terms of the creatorsuÂ†% and annihilators

uÂ%5
1

A2
~M 1/4uQ̂~ t50!%1 iM 21/4uP̂~ t50!%) ~36!

the Hamiltonian can be cast into the form

Ĥ5
1

2
$Â†uM 1/2uÂ%s1

1

2
$ÂuM 1/2uÂ†%s

5X

G

vG

2
~ÂG

†ÂG1ÂGÂG
† !. ~37!

For a discrete spectrums(K)5sd this already defines the
physical particles because we have now creation and an
lation operatorsÂG

† andÂG that diagonalize the Hamiltonian
~which is also the energy operator!.

For a continuous spectrums(K)5sc the quantitiesP̂G ,
Q̂G , ÂG andÂG

† are not well-defined operators but operato
valued distributions because

@Q̂G~ t !,P̂L~ t !#5 id~G,L!, ~38!

which is a Diracd-distribution for continuous indicesG,L.
But a product of two distributions acting on the same line
4-5
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RALF SCHÜTZHOLD PHYSICAL REVIEW D 63 024014
space ~e.g. the Schwartz-Sobolev spaceS1 for the
d-distribution!, i.e. with the same indexG, is not well-
defined. This reflects the infinite-volume divergence in qu
tum field theory. Consequently, the Hamiltonian in Eqs.~35!
and ~37! is not well-defined. It may only be viewed as
formal expression until an appropriate regularisation met
has been applied.

F. Vacuum definition

In order to get rid of the singularities discussed above
to obtain well-defined operatorsâI we introduce a complete
orthonormal and real basisubI%s with I PN of the separable
Hilbert spaceL2(s,V) and define

âI5
def

$ÂubI%s . ~39!

For a discrete spectrums(K)5sd we may choosebI(G)
5dGI which leads us back to the operatorsÂG . For a con-
tinuous spectrums(K)5sc this coincidence does not hold
Due to $bI ubJ%s5d IJ with a Kronecker-d IJ the âI are well-
defined operators with@ âI ,âJ

†#5d IJ instead of operator-

valued distributions with@ÂG ,ÂL
† #5d(G,L). Unfortunately,

for a continuous spectrums(K)5sc the operatorsâI are
now well-defined, but do notexactlydiagonalize the Hamil-
tonian. But—as we shall see later in Sec. III G—one m
choose an appropriate basisubI%s for which the operatorsâI
approximatelydiagonalize the Hamiltonian.

The corresponding number operators take the usual f

n̂I5
def

âI
†âI . The Fock spaceF which contains all pure state

uC& of the quantum fieldF̂ is nowdefinedas the completion
of the linear hull of the proper eigenvectors of these co
muting operatorsn̂I for all indicesI PN

F5
def

lin$uC&:; I :n̂I uC&5uC&nI%. ~40!

As a consequence, the spectrum of the operatorsn̂I in this
Fock space is a pure point spectrums(n̂I)5sp . With the
same arguments as already used for the quantization o
harmonic oscillator the commutation relations@ âI ,âJ

†#5d IJ

imply s(n̂I)5N. It should be mentioned here that this de
nition of the Fock spaceF is slightly different to the fre-
quently employed approach based on the one-particle Hil
spaceH.L2

C(G,g00) ~see e.g.@6,34,7,14,15#!

F5C% H% ~H^ H!symm% ~H^ H^ H!symm% •••. ~41!

Nevertheless, these distinct definitions are related if one
vides the Fock space in Eq.~40! into orthogonal subspace
labeled by different values of the total number of partic

ntotal5
def

( InIPN.
Accordingly, the vacuum is defined as the eigenvecto

all commuting operatorsn̂I with eigenvalue zero

; I :n̂I u0&50, i.e., âI u0&50. ~42!
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This definition is independent of the special choice of t
basisubI%s . To prove this statement, we use the comple
ness of the basisubI%s to obtain the following result:

;uz%s :$Âuz%su0&50. ~43!

If we regularize the formal expression for the Hamiltonian
Eq. ~37! via insertion of a complete basis@in principle to-
gether with a convergence factor, exp(2I«) for instance#

Ĥ5
1

2 (
I

~$M 1/4Â†ubI%s$bI uM 1/4Â%s

1$M 1/4ÂubI%s$bI uM 1/4Â†%s!

5(
I

S $Â†uM 1/4bI%s$M 1/4bI uÂ%s

1
1

2
$M 1/4bI uM 1/4bI%sD , ~44!

it appears as a divergent sum of some non-negative oper
of the structureX̂I

†X̂I and remainingC-numbers. The above

defined vacuum is the ground state of all operatorsX̂I
†X̂I and

in this regard also the ground state of the Hamiltonia
Hence, the divergent amount ofC-number terms represent
the zero-point energy. The infinite summation over the ind
I corresponds to the sum over arbitrary high frequenc
and—for a continuous spectrum—the summation of an i
nite number of basis elements for a given frequency inter
The first infinity, the infinite energy divergence, is alwa
present in quantum field theory and the latter, the infin
volume divergence, only for non-discrete spectra.

In the Minkowski space-time the above defined vacu
coincides ~of course! with the usual Minkowski vacuum
u0&5u0M&. In the Schwarzschild space-time this state
which is the ground state of the Hamiltonian—is called t
Boulware@5# stateu0&5uCB&.

The particle definition presented above can be reprodu
utilizing the well-known approach based on the inner pro
uct: The basis elementsubI%s of the Hilbert spaceL2(s,V)
are normalized and therefore correspond to functionsei(r)
via ueI%15V †ubI%s which are also normalized$eI ueJ%15d IJ
and build up a basis of the Hilbert spaceL2(G,g00). As a
consequence, the operatorsâI correspond to localized wave
packetsuFI(t)%1 which are defined as follows:

uFI~ t !%15~4K!21/4exp~2 iK 1/2t !ueI%1 . ~45!

These quantities are solutions of the Klein-Fock-Gord
equation] t

2uFI%152KuFI%1 and normalized with respect t
the inner product

~FI uFJ!52~FI* uFJ* !5d IJ , ~FI* uFJ!5~FI uFJ* !50.
~46!

Comparison with the particle definition via the inner produ
verifies indeed the identification
4-6
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âI5~FI uF̂!. ~47!

The functionsFI andFI* form a complete set of solutions o

the Klein-Fock-Gordon equation. Hence, the fieldF̂ may be
expanded via

F̂5(
I

âIFI1âI
†FI* , ~48!

which demonstrates again the equivalence of the approac

G. Eigenfunctions

For a point spectrumsp there exist proper eigenfunction
f GPL2(G,g00) with Ku f G%15vG

2 u f G%1, but for a continuous
spectrumsc this is of course not the case. Nevertheless, i
in many cases possible to find an analogue. If pointwise
fined functionsf G(r) ~or, more generally, locally integrabl
functions f GPL1

local) exist such that

$zuVf%s5X

G

zGE
G

d3r f G~r!f~r! ~49!

holds for all fPC0
`(G) and zPC0

`(s) the functionsf G(r)
are called~generalized! eigenfunctions of theK-operator. In
contrast to the proper (sp) eigenfunctions with f G

PDef(K),L2(G,g00) the generalized (sc) eigenfunctions
do not belong to the Hilbert spacef G¹L2(G,g00) and ~of
course! also not to the domain of definition of theK-operator
f G¹Def(K). However, due toVK5MV also the general-
ized eigenfunctions fulfil the pointwise or local~generalized!
eigenvalue equationKlocalf G(r)5vG

2 f G(r). This is a very im-
portant relation for the calculation of these eigenfunctions
the ~generalized! eigenfunctions exist, the transformation
the fieldsuF%15V †uQ%s can be described by the pointwis
or local identity

F̂~r,t !5X

G

Q̂G~ t ! f G~r!. ~50!

Even though the generalized eigenfunctions are not
L2(G,g00), they may be thought as a~singular! limiting case
of L2(G,g00)-functions: In the following considerations w
assumedm(l)5dl ands5R for reasons of simplicity. The
L2(s,V)-basis functionsbI(l) can be squeezed and tran
lated bI (G)

« (l)5bI(l/«2lG /«)/A« and are still a basis o
L2(s,V). Evaluating the~singular! limiting case of these
squeezed basis functions

lim
«↓0

bI (G)
« ~l!

A«
5 lim

«↓0

bI~l«212lG«21!

«
5NI (G)d~l2lG!,

~51!

whereNI (G) denotes some normalization factor, we obse
that every generalized eigenfunctionf G(r) can be locally ap-
proximated by appropriately chosen wave packetsueI (G)

« %1

5V †ubI (G)
« %s
02401
es.

s
e-

If

in

e

lim
«↓0

eI (G)
« ~r!

A«
5NI (G) f G~r!. ~52!

Accordingly, also the operator-valued distributionsÂG may
be considered as a singular limiting case of the regular
eratorsâI (G)

«

lim
«↓0

âI (G)
«

A«
5NI (G)ÂG . ~53!

The divergent factor 1/A« indicates the singular character o
the generalized eigenfunctions~e.g. plane waves! in contrast
to the regular basis elements~wave packets!. Of course, in
realistic experiments one never deals with plane waves,
wave packets. On the other hand, the calculations with pl
waves are usually much simpler. Hence, in the following
shall perform our evaluations with eigenfunctions alwa
bearing in mind their character as a singular limiting case
regular objects.

H. Continuum normalization

To investigate the physical consequences caused by
singular behavior of the product of two distributionsN̂G

5ÂG
†ÂG—expressed by the factor 1/«—we consider a quan

tum field confined in a finite volumeV and study the limiting
caseV→`. This limit may be interpreted as the transitio
from a discrete spectrums(K)5sd to a continuous one
s(K)5sc . For a 3-dimensional cubic volumeV the indices
G correspond, for example, to discrete wave numbersk. In
the continuum limitV→` the k-sum transforms into an in
tegral overd3k via

(
k

→N VVE d3k. ~54!

NV denotes a normalization factor which depends on
imposed boundary conditions~Dirichlet, Neumann, periodic,
etc.! and the shape of the domainG. The Kronecker-dk,k8
converts into a Dirac-d3(k2k8) in an analogue way
NVVdk,k8→d3(k2k8). Ergo, the singularityd3(k2k) dis-
plays the infinite-volume divergenced(k,k)5d3(k2k)
5NVV. Recalling the formal expression for the Hamiltonia
in Eq. ~37!

Ĥ5X

G

vGS ÂG
†ÂG1

1

2
d~G,G! D

5X

G

S vGN̂G1
vG

2
d~G,G! D , ~55!

we observe that—in addition to the mode summation and
integration—its indefinite character exactly exhibits this
vergence. Indeed, if one examines the continuum limit of
Hamiltonian
4-7
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Ĥd5(
k

S N̂k
d1

1

2D uku→Ĥc5E d3kS N̂k
c1

1

2
d3~k2k! D uku,

~56!

the limiting number ‘‘operator’’ N̂k
c can be identified via

NVVN̂k
d→N̂k

c . The singular character of this formal expre
sion may be exemplified with the following consideration:
the state of the quantum field corresponds to thermal e
librium at a temperatureT.0, the expectation value of th
number operatorN̂k

d equals the Bose-Einstein distribution fo
arbitrary large but finite volumesV. For an infinite volume
the expectation value of the quantityN̂k

c diverges owing to
the factorNVV. The expectation values of the regular ope
tors n̂I are ~of course! still finite and behave as the Bose
Einstein distribution evaluated at some averaged freque
v I .

I. Bogoliubov coefficients

So far we have considered static space-times and de
oped an appropriate particle definition. If we now drop t
restriction to stationary metrics and take dynamical spa
times into account, the question concerning particle crea
arises. A variation of the metricgmn induces a change of th
K-operator and—possibly—the corresponding Hilbert sp
L2(G,g00). A function, which belongs initially to
L2(Gin,gin

00) may be later~e.g. if a horizon has formed! not in
L2(Gout,gout

00 ) but a distribution with respect to th
L2(Gout,gout

00 )-scalar product. As a consequence, it is n
clear whether the Bogoliubov coefficient~see e.g.@24#–
@31#! describing the particle creation

b IJ5~FI* uFJ! ~57!

exists for allFIPL2(Gin,gin
00) andFJPL2(Gout,gout

00 ) or not.
However,C0

`-functions belong to the domain of definition o
all ~tempered! distributions. Thus forFI

inPC0
`(Gin) and

FJ
outPC0

`(Gout) the Bogoliubov coefficients always exis
provided the metric can be cast into an analytic form. sim
to the previous sections all other quantities~e.g. generalized
eigensolutions! have to be approximated withC0

`-functions.

IV. FLAT SPACE-TIME EXAMPLES

In the previous section we have derived a canonical d
nition of particles for curved space-times which satisfy c
tain conditions. In the following we are going to apply th
approach to the most simple example of a flat space-tim
order to achieve a deeper insight into the physical con
quences of the used mathematical theorems.

For the unbounded (111)-dimensional Minkowski
space-time withds25dt22dx2 the K-operator reads

K52
]2

]x2
, ~58!

together with the domainG5(2`,x,`). The infinite vol-
ume of this domain and the regularity of the metric caus
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purely absolute continuous spectrums(K)5sac5R1 . The
unitary transformationU ~see Sec. III D! is simply the one-
dimensional Fourier transformationU5F. The quasiunitary
transformationV takes the real and imaginary parts sep
rately leading to the generalized eigenfunctions sinvx and
cosvx. Hence, the expansion of the fieldF̂ takes the follow-
ing form:

F̂~x,t !5X

v

Q̂v,c~ t !cos~vx!1Q̂v,s~ t !sin~vx!

5NmE
0

` dv

A2v
„Âv,c

† eivtcos~vx!

1Âv,s
† eivtsin~vx!1H.c.…, ~59!

with a normalization factorNm depending on the explici
form of the measuredm(v2), e.g. dm(v2)5dv or
dm(v2)5dv/2p etc. The spectrum of theK-operator dis-
cussed above is twice degenerated, i.e. there are two i
pendent generalized eigenfunctions (sinvx and cosvx) for
every pointl5v2 of the spectrums. This degeneracy of the
spectrum allows for the definition of particles with a defin
direction of propagation: With a simple linear transformati
we may rearrange the expansion of the field

F̂~x,t !5NmE
0

` dv

A4v

3~Âv,1
† eivt1 ivx1Âv,2

† eivt2 ivx1H.c.!. ~60!

The new introduced quantitiesÂv,1 , Âv,2 , Âv,1
† andÂv,2

†

obey the same commutation relations as the original o
Âv,c , Âv,s, Âv,c

† andÂv,s
† . Thus they also describe particle

In contrast to the original particles which correspond
standing waves with different phases (sinvx and cosvx) the
new particles describe left-moving and right-moving wav
according to exp(6ivx). These complex functions are sui
able for a definition of particlesÂG but do not correspond to
Hermitian amplitudesQ̂G .

As a second example we study the situation of a boun
domain G5(0,x,`) in a 111 dimensional Minkowski
space-time with a Dirichlet boundary condition~a mirror! at
x50. Even thoughK seems to have the same form as in E
~58! it denotes a different operator as a result of the bound
condition. With the same arguments the spectrum is pu
absolute continuouss5sac5R1 . In contrast with the pre-
vious example this spectrum is not degenerated. Every p
l5v2 of s corresponds to exactlyone generalized eigen-
function, i.e. sinvx. As a consequence, the definition of pa
ticles with a certain direction~left-moving or right-moving!
is not possible. This result is physical reasonable if one ta
conservation laws into account. Every left-moving comp
nent will be reflected by the mirror atx50 after some period
of time and turns its direction into right-moving and vic
versa.
4-8
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A finite domainG5(0,x,L) in a (111)-dimensional
Minkowski space-time with Dirichlet boundary conditions
x50 andx5L of course possesses a purely discrete sp
trum s5sd with proper eigenfunctions; sin(Npx/L). The
insertion of mirrors represented by Dirichlet boundary co
ditions usually lowers the ‘‘density’’ of the spectrums, i.e.
the number of eigenfunctions.

A. Ingoing and outgoing particles

Now we shall extend our investigations to th
(311)-dimensional Minkowski space-time described by d
ferent coordinate systems. Using spherical coordina
r ,q,w it will turn out that the definition of ingoing or out
going particles isnot possible within the canonical approac
This is a consequence of the spectral properties of the op
tor

K52¹252
]2

]r2
, ~61!

together with the domainG5R3. Expressed by Cartesia
coordinatesr5(x,y,z)T the generalized eigenfunctions tak
the simple form sin(kr) and cos(kr) with uku5v. As it is
well known these functions form a complete basis ofL2(R3).

Employing spherical coordinatesr ,q,w the Cartesian
eigenfunctions can be expanded with the aid of the equa

exp~ ikr!5(
l 50

`

i l~2l 11! j l~vr !Pl~cosu!, ~62!

with kr5vr cosu and the Legendre polynomialsPl . By in-
spection we recognize the following fact: For a given angu
behavior the spherical Bessel functionsj l(vr ) are already
complete to describe the radial dependence. The Neum
nl(vr ) or Hankel functionshl

6(vr ) are not required and
would be ‘‘over-complete.’’ Therefore they do not descri
additional degrees of freedom and do not enter the par
definition. This result can also be derived by considering
spectrum of theK-operator. Due to the singular behavior
the functionsnl(vr ) andhl

6(vr ) at r 50 they are not eigen
functions.

To acquire real eigenfunctions we have to introduce re

fined spherical harmonicsYlm(q,w)5
def

Nl Pl
m(cosq)cos(mw)

for m>0 and Ylm(q,w)5
def

Nl Pl
m(cosq)sin(mw) for m,0.

Pl
m denote the associated Legendre polynomials andNl are

normalization factors. Accordingly, the complete set of r
and orthogonal eigenfunctions reads

f v lm~r ,q,w!5Nv l j l~vr !Ylm~q,w!. ~63!

Again we observe the occurrence of exactlyoneeigenfunc-
tion f v lm per eigenfrequencyv for a fixed angular depen
dencel ,m. The regularity atr 50 plays the role of an effec
tive boundary condition and forbids the existence
additional eigenfunctions such asnl(vr ) or hl

6(vr ). As a
consequence, within the canonical approach it isnot possible
to define radial ingoing or outgoing particles in th
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Minkowski space-time. Functions like exp(6ivr)/r are not
eigenfunctions of the Laplacian and thereforenot solutions
of the wave equation

h
exp~ ivt6 ivr !

r
524peivtd3~r!Þ0. ~64!

Expanding the fieldF̂ into functions that do not satisfy th
equation of motionhF̂50 would abandon the indepen
dence of the distinct particles. Functions like exp(6ivr)/r
correspond to the resolventsR(v26 i«) of the operatorK
@remembers(K),R]. Particles are defined with respect
the eigenfunctions which are representations of the spe
family E of the operatorK. Into this spectral familyE the
resolvents themselves do not enter, but linear combinat
of them:R(l2 i«)2R(l1 i«)→E(l) which again leads to
sin(vr)/r5vj l50(vr).

The impossibility of defining radial ingoing and outgoin
particles is not restricted to the Minkowski space-time, t
holds also for arbitrary spherically symmetric metrics

ds25g00~r !dt21g11~r !dr21r 2dV2, ~65!

provided that the coefficients of the metricg00 and g11 are
smooth and analytic functions. Such functions can be Tay
expanded

g00~r !5g00~0!1g009 ~0!
r 2

2
1O~r 3!, ~66!

where g008 (0) and g118 (0) have to vanish for smoothnes
After the separation of the angular variables withYlm(q,w)
the radial dependence of the eigenfunctions is governed
second-order ordinary differential equation inr. Provided its
coefficients are smooth and regular the solutions of such
equation are uniquely determined by the first two~non-
vanishing! terms of their Laurent expansion. For the evalu
tion of these initial data only the termsg00(0), g008 (0)50,
g11(0) andg118 (0)50 are of relevance. For that purpose t
radial part of the metric can be approximated byds2

5g00(0)dt21g11(0)dr2. Ergo the behavior of the corre
sponding eigenfunctions is@up to a simple scale transforma
tion with g00(0) andg11(0) respectively# asymptotically (r
→0) the same as in the Minkowski space-time. Con
quently, also in these more general spherically symme
metrics there exists exactlyone eigenfunction for given
v,l ,m which forbids the definition of radial ingoing and ou
going particles.

In view of conservation law arguments the nonexisten
of ingoing and outgoing particles in regular space-times
pears very plausible: Every ingoing component will boun
off at the origin after some period of time and eventually tu
into outgoing and vice versa.

B. Rindler metric

As stated in Sec. II A the particle interpretation crucia
depends on the selection of a particular time-like Killin
vector. In the following we shall consider an example whe
4-9
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RALF SCHÜTZHOLD PHYSICAL REVIEW D 63 024014
this dependence will become more evident. In the previ
treatments we focused on the Killing vector mediating
Minkowski time translation symmetry. Of course this Killin
field corresponds to usual observers at rest. But there e
further time-like Killing vectors in the Minkowski space
time—associated with special Lorentz boosts—which re
in a deviating particle interpretation.

Starting with the (111)-dimensional Minkowski metric
ds25dt22dx2 and performing the coordinate transform
tion

t5r sinhkt,

x5r coshkt, ~67!

one arrives at the Rindler metricds25k2r2dt22dr2. The
quantity k is called the surface gravity, see e.g.@28#. For
fixed r the transformation describes an accelerated mot
With respect to the new time coordinatet the Rindler metric
is static and thus allows for a particle definition according
Sec. III. These particles may be interpreted as those see
an accelerated observer. The correspondingK-operator can
be cast into the form

K52k2r
]

]r
r

]

]r
, ~68!

with G5(0,r,`). The surface term~see Sec. II! at r
50 vanishes without imposing any condition on the fieldF
due to A2g5kr50 at r50. Indeed, the Rindler metric
possesses a horizon there. Since the occurrence of this
zon depends on the choice of the coordinates and thereb
the observer, it is a particle horizon~with respect to all
world-lines r5const) but not an event~or apparent, etc.!
horizon, see Sec. II A and@27,33#. For further investigations
it is convenient to introduce the tortoise coordinater*
5 ln(kr)/k. In terms of this coordinate the metric readsds2

5e2kr
* (dt22dr

*
2 ) resulting in the operator

K52
]2

]r
*
2

, ~69!

with G5(2`,r* ,`). As a consequence, the spectrum
twice degenerated and the corresponding eigenfunctions
sin(vr* ) and cos(vr* ) or exp(6ivr* ), respectively. Return-
ing to the coordinater the eigenfunctions behave a
exp„6 iv ln(kr)/k…5(kr)6 iv/k. Even though the domain i
boundedG5(0,r,`) there are two eigenfunctions per e
genvalue which allows for the definition of left-moving an
right-moving particles. This indicates the absence of r
boundary conditions on the fieldF at the horizonr50. In
this regard the horizon is the opposite of a mirror. Even fo
finite domainG5(0,r,L) the spectrum of theK-operator
is still continuous due to the horizon:G5(2`,r* ,L* ).

C. Unruh effect

After having performed a particle definition for th
Minkowski and the Rindler observer, the question about
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relationship of these two approaches arises. Evaluating
expectation value of the number of Rindler particles in t
Minkowski vacuum one obtains a thermal distribution fun
tion, a consequence of the Unruh@4# effect. This effect dem-
onstrates manifestly that different observers may obey
tinct particle interpretations. In consequence the vacu
may depend on the particular Killing vector.

One way~see also@31#! to calculate the expectation va
ues explicitly is based on the Bogoliubov coefficients

bGL5 i E dSmFG
M ]

↔
mFL

R . ~70!

The generalized Minkowski eigenfunctions are labeled
G5(j,v)

FG
M~x!5F (j,v)

M ~x,t !5NM

exp~2 ivt !

Av
ei jvx, ~71!

where j561 distinguishes the left-moving and righ
moving particles. (NM denotes a normalization factor.! In
analogy the generalized Rindler eigenfunctions read

FL
R~x!5F (j8,v8)

R
~r,t!5NR

exp~2 iv8t!

Av8
~kr! i j8v8/k.

~72!

With the choice for the surfaceS5$t50,0,r,`% the sur-
face element takes the formdS05g00A2gdr5dr/(kr). At
this surface the Minkowski coordinates are simply given
t50, x5r and the derivative transforms according to]t
5kr] t . Putting all this together, theb-coefficient trans-
forms into

b (j,v);(j8,v8)5NMRE
0

`dr

kr

v82krv

Avv8
ei jvr~kr! i j8v8/k.

~73!

This integral involves generalized eigenfunctions~corre-
sponding toÂG) and has to be understood in a distribution
sense. For well-defined expressions~such asâI) we have to
insert a convergence factor, for instance (kr)«exp(2«kr).
The existence of the limit«↓0 confirms the possibility of
approximating the singular eigenfunctions by regular qua
ties. After this procedure we may make use of the form
@36#

E
0

`

due2uwuz215w2zG~z!, ~74!

which holds forR(w).0 andR(z).0, and we arrive at

b (j,v);(j8,v8)5NMR

11j8j

k
Av8

v
G~ i j8v8/k!

3~2 i jv/k1«!2 i j8v8/k. ~75!
4-10
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Calculating the remaining Bogoliubov coefficie
a (j,v);(j8,v8) one gets nearly the same expression but wit
positive sign in front of the termi jv/k. Therefore both co-
efficients merely contribute for particles moving in the sa
‘‘direction’’ b (j,v);(j8,v8);dj,j8 , respectively,a (j,v);(j8,v8)
;dj,j8 . Now it is possible to compare both quantities. A
said before, the only difference betweena andb is the sign
in front of the termv/k. Dividing the two coefficients all
other terms cancel and the convergence factor« determines
the side of the branch cut of the logarithm in the comp
plane. Hence we find

b (j8,v);(j8,v8)5exp~2pv8/k!a (j8,v);(j8,v8) . ~76!

An alternative way to obtain this important result is based
the analytic continuation into the complex plane. For th
purpose we define slightly modified Bogoliubov coefficien
via

bj,j8
c

~v,v8!5Avv8b (j,v);(j8,v8) , ~77!

and in analogy thea-coefficient. In view of Eqs.~70!–~73!
the modified Bogoliubov coefficients can be analytica
continued to the complexv-plane where the relation

aj,j8
c

~v,v8!5bj,j8
c

~2v,v8! ~78!

holds. Inserting this equality into Eq.~75! reproduces Eq.
~76!. In order to evaluate the absolute value squared of
b-coefficient we may utilize the identity@36#

G~z!G~2z!52
p

z sinpz
~79!

to obtain the final result

ub (j,v);(j8,v8)u25
8pNMR

2

kv

dj,j8

exp~2pv8/k!21
. ~80!

In view of the remainingv-integration the number of Rin
dler particles in the Minkowski vacuum diverges. This res
can also be re-derived using the well-known unitarity re
tion

X

G

aLGaYG* 2bLGbYG* 5d~L,Y!, ~81!

whereG symbolizes the Minkowski index. This equality re
flects the completeness of the Minkowski solutions. Spe
care is required concerning the derivation of an analo
expression involving the Rindler functions since these so
tions are restricted to the Rindler wedge and thereby they
not complete in the full Minkowski space-time.
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Inserting Eq.~76! and considering the singular coinc
denceL5Y it follows that

N(j8,v8)5^0MuN̂(j8,v8)
R u0M&5 X

(j,v)

ub (j,v);(j8,v8)u2

5
d~v,v!

exp~2pv8/k!21
5

NVV

exp~2pv8/k!21
.

~82!

In the last step we have used the results of Sec. III H.
calling the argumentation made there we come to the c
clusion that the divergence ofNG is necessaryfor a thermal
behavior.

The same calculation can be performed with well-defin
operatorsn̂I corresponding to localized wave packets. For
appropriately chosen basiseI(r) the coefficientsb IJ are up to
normalization factors approximately the same as thebGL

evaluated above. But in this case the results for^n̂I&
5(Jub IJu2 are finite owing tod II 51. Another explanation is
the fact, that theb IJ for arbitrary frequenciesv do not co-
incide with thebGL ~due to the localized character of th
wave packets! which makes thev I-summation finite. One
way to perform technically such a calculation involving l
calized quantities is to insert a convergence factor with
finite « similar to the comment after Eq.~73!. Accordingly
this finite« enters theb-coefficients and causes a finite resu
of the v I-summation and thereby a finite number of crea
particles as well. Omitting the corresponding normalizati
factor the infinite volume divergence can be restored in
limit «↓0.

D. KMS condition

From a strictly axiomatic point of view the divergent re
sult in Eq. ~82! in the last section may not be complete
convincing. However, it is possible to show more rigorous
that the Minkowski vacuum indeed behaves as a ther
state when analyzed by a Rindler observer. This can be d
by employing the Kubo-Martin-Schwinger~KMS! condition
@37,38#. A KMS state ^•&T is defined as a time-
translationally invariant state which satisfies the followi
condition:

^Û~ t !V̂~ t8!&T5^V̂~ t8!Û~ t1 i /T!&T ~83!

for all observablesÛ and V̂ and some temperatureT. It can
be shown that if the~irreducible! algebra of observables pos
sesses a well-defined matrix-representation then the K
state corresponds to the usual canonical ensemble

^Û&T5TrH Û
exp~2Ĥ/T!

Z J . ~84!

One might wonder at the fact that the Minkowski vacuu
i.e. a pure state, displays thermal features—usually c
nected with mixed states. This can be explained by
thermo-field formalism, see e.g.@39#. That is, a pure state o
4-11
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RALF SCHÜTZHOLD PHYSICAL REVIEW D 63 024014
a quantum system transforms into a mixed state after a
aging over a subsystem owing to the correlations betw
the different subsystems. As a result of the particle horizo
r50 the Rindler observer is causally separated from a
of the Minkowski space-time and does therefore indeed
gard the Minkowski vacuum as a mixed state.

To show that the Minkowski vacuum displays the te
peratureT5k/(2p) we consider the corresponding two
point Wightman@41# function. The Wightman axioms~in
particular the spectral condition! imply that this bi-
distribution can be considered as the boundary value o
analytic function. Hence we may restrict to the space-l
region for reasons of simplicity where the two-point functi
assumes the form

W~xI ,xI 8!5^F̂~xI !F̂~xI 8!&52
~2p!22

~xI 2xI 8!2
~85!

for 311 dimensions. In 111 dimensions it behaves a
ln@(xI2xI8)2# which does not alter the following conside
ations. Since for a free field alln-point functions can be
derived from this 2-point function it contains all informatio
about the theory.

Now we may consider the two-point function in terms
Rindler coordinates. Thet,x-contribution to the geodesic dis
tance transforms according to Eq.~67! into

~ t2t8!22~x2x8!252rr8cosh~k@t2t8# !2r22r82.
~86!

As a result the two-point function is periodic along th
imaginary Rindler time axis and thus satisfies the KMS c
dition for the temperatureT5k/(2p). This result confirms
the considerations in the previous section and justifies
identification of the UV-divergence occurring there with t
infinite volume divergence of the Rindler space.

It can be shown quite generally that only the KMS sta
corresponding to the temperatureT5k/(2p) satisfies the
Hadamard@40# condition ~local stability! in the complete
Rindler space-time~and in particular at the horizon!, see
@13#. The Hadamard requirement demands the singularit
the two-point function (1/s2 and lns2) to be independent o
the state, i.e. it is only determined by the structure of
space-time, see also@17,23,25,31#. This property ensures th
validity of the point-splitting renormalization technique, c
@10#. As it will become more evident in Sec. V A, an an
logue idea can be employed to derive the Hawking effec

V. BLACK HOLES

In this section we are going to apply the formalism p
sented in Sec. III to one of the most fascinating curv
space-time structures, the black hole. Various coordinate
tems which represent this object are known. For our purp
we have to demand a static metric with a time coordinat
corresponding to a Killing vector. Because the black h
space-time becomes asymptotically flat, another requirem
is the coincidence of this time coordinatet with the usual
Minkowski time of an observer at spatial infinity. All thes
requisites are satisfied by the Schwarzschild coordin
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t,r ,q,w for which the black hole metric reads

ds25h~r !dt22
dr2

h~r !
2r 2dq22r 2sin2qdw2. ~87!

Other coordinates, e.g. Kruskal, Eddington-Finkelstein, e
are not suitable for the above reasons. As the Schwarzsc
coordinates measure time and length scales with respe
an observer at fixed spatial distance to the black hole
results obtained later refer to this observer.

In order to describe a~non-extreme! black hole with a
horizon atr 5R and a surface gravityk.0 the functionh
obeys the properties~see e.g.@28#!

h~R!50, k5
1

2
h8~R! ~88!

and alsoh(r .R).0 together withh(r→`)51. With the
aid of this functionh it is possible to consider the rathe
general case of a static black hole, for example the Schw
zschild metric withh512R/r .

Using these coordinates the canonical conjugate mom

turn out to beP̂5] tF̂/h. In terms of these momenta th
formal expression for the Hamiltonian density can be c
into the following form:

Ĥ5
h

2
P̂21

h

2
~] rF̂!21

1

2r 2
~]qF̂!21

1

2r 2sin2q
~]wF̂!2.

~89!

The fields F̂(r,t) as well as their momentaP̂(r,t) are
operator-valued distributions~see also Sec. III!. Conse-
quently, the Hamiltonian density above is not well-define
In analogy to Sec. III E it may only be considered as a f
mal expression until an appropriate regularization meth
for instance the point-splitting technique~see e.g.@10#!, has
been applied.

It is possible to split up the HamiltonianĤ of the fieldF̂

into two partsĤ5Ĥ.1Ĥ, that account for the interiorĤ,

and the exteriorĤ. region of the black hole, respectively,

Ĥ.5E d3rĤQ~r 2R!,

Ĥ,5E d3rĤQ~R2r ! ~90!

with the Heaviside step functionQ and the volume elemen
d3r5A2gd3x5r 2sinqdrdqdw. Employing the equal time
commutation relations

@F̂~r,t !,F̂~r8,t !#5@P̂~r,t !,P̂~r8,t !#50;

@F̂~r,t !,P̂~r8,t !#5 id3~r2r8!, ~91!

where t denotes the Schwarzschild time and represent
Killing vector, one observes that the two parts of the Ham
tonian commute:
4-12
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@Ĥ. ,Ĥ,#50. ~92!

In the language of point-splitting, cf.@10# and the remarks in
Sec. IV D, the divergent terms of the Hamiltonian dens
are independent of the state and therefore pureC-numbers
which do not contribute to the commutator. The remain
~convergent! operator-valued components commute beca
of h(r 5R)50. The same result can be obtained by mean
normal ordering or the regularization described in Eq.~44!.
Due toh(r 5R)50 theK-operator and the operators projec
ing onto the interior, respectively, exterior domain commu
Hence it is possible to select a basisbI for the inside and
outside region separately such that the Hamiltonian p
sesses no mixing terms.

Accordingly, the separationĤ5Ĥ.1Ĥ, represents two
independent systems. This fact displays one advantage o
Schwarzschild coordinates because thereis a horizon atr
5R. The consistency with the results of Sec. II A can
demonstrated if one considers the spatial surface t
dSig

i j 5d2xA2gnig
i j 5dqdwr 2sinqgrr which indeed van-

ishes forr 5R. As a consequence, it is impossible to tran
port matter~energy or information! across the horizon, noth
ing can come out or fall into the black hole. Of course, t
holds only for a fixed metric, i.e. if one neglects the ba
reaction. Without this restriction it is possible that the ho
zon increases due to the in-falling matter, and swallows i
should be emphasized again that all of our assertions ref
an observer at a fixed spatial distance to the black hole
therefore not necessarily to a free falling one.

A. Black hole exterior

In the following we restrict our considerations to the d
main outside the black hole governed byĤ. . The properties
of the interior will be discussed in the next section. T
exterior regionG5$r .R% satisfies the conditions impose
in Sec. II A which allows for a particle definition. As a re
sult, the Ĥ.-part of the Hamiltonian can be diagonalize
formally via

Ĥ.5X

G

vGN̂G
BH1E` , ~93!

whereE` denotes the divergent zero-point energy.
In order to isolate the features that are specific for bla

holes, the most interesting region is the neighborhood of
horizon r'R. To investigate the behavior in this zone w
introduce a dimensionless variablex with

x52k~r 2R!→h5x„11O~x!…. ~94!

Without losing the static character of the metric it is possi
to perform a radial coordinate transformation forr .R via

r * 5E dr

h
5

ln x

2k
1O~x!. ~95!

The new radialr * coordinate is called the the Regg
Wheeler tortoise coordinate. According to the above ar
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ments it is sufficient to cover the region outside the horiz
by the new coordinate. The functionh and the original radial
variable r have to be considered as functions of the int
duced coordinate:r 5r (r * ) and h5h(r * )5h(r @r * #). The
tortoise coordinate has the advantage of a very simple f
of the K-operator

K52
1

r 2

]

]r *
r 2

]

]r *
2h¹qw

2 52
]2

]r
*
2

1O~x!, ~96!

together withG5$r * PR%. The generalized eigenfunction
FG

BH(xI ) of this operator behaveO(x)-approximately as
exp(6ivr* ) and after the separation of the angular variab
they can be written as follows:

FG
BH~xI !5Fjv lm

BH ~ t,x,q,w!

5N v l
BHe2 ivt

Av
x i jv/(2k)Ylm~q,w!„11O~x!…. ~97!

N v l
BH symbolizes a normalization factor which may witho

any loss of generality chosen to be independent ofj. These
eigenfunctions are rapidly oscillating near the horizon.

By inspection, we recognize the occurrence of two gen
alized eigenfunctions for a given frequencyv and fixed an-
gular dependencel ,m distinguished byj561. Thus the
definition of ingoing and outgoing particles is possible in th
case.@It should be mentioned that potential scattering effe
cause slight deviations from the purely ingoing and outgo
behavior in Eq.~97! at r→`. However, this way of defini-
tion does not alter the conclusions.# This—perhaps
surprising—fact can be elucidated in the following way. T
horizon separates the space into two independent dom
~interior and exterior! and prevents the field modes outsid
from being influenced by the effective ‘‘boundary cond
tion’’ at r 50. In view of the study of theK-operator in
terms of the tortoise coordinater * one may consider the
horizon as some new kind of spatial infinity (r * →2`) in
addition tor→`.

Also for the black hole example the horizon acts oppos
to a mirror, cf. Sec. IV B. Even for the scenario of a bla
hole which is enclosed in a large box with Dirichlet boun
ary conditions the spectrum of the operatorK is still
continuous—but now not degenerated.

For a black hole in an asymptotically flat~unbounded!
space-time there are two contributions to the infinite volu
divergence~see Sec. III H! d(G,G)5NVV: first, the usual
infinity r ,r * →` and secondly, the effective infinity at th
horizonr→R respectivelyr * →2`. The former divergence
d1(G,G) does also arise in the~unbounded! Minkowski
space-time—but not inside a finite box~e.g. with Dirichlet
boundary conditions!—whereas the latter divergenc
d2(G,G) is restricted to the scenario of a black hole, but it
not affected by a finite box. E.g., the expectation value of
number ‘‘operator’’ N̂G in any KMS state~with a non-
vanishing temperature! contains the complete divergenc

^N̂G&T;d1(G,G)1d2(G,G). One important example is th
Israel-Hartle-Hawking@9,8# state, the KMS state correspond
4-13



ta

le
s

on
la

th
he
th
ng
ry
-
e

th
g
es

th

c

t
o
ll

s

a

th
i-
C
e

S

e-
-
Th

he

the
f

ef-
rd

e
he
ble

one
nd

on

ated
es

the
ior

is
pro-
le
s
are

ive

m-
ar-

e

ca-
s
not

RALF SCHÜTZHOLD PHYSICAL REVIEW D 63 024014
ing to the Hawking temperatureT5k/(2p). For large radial
distances to the black hole the~renormalized! expectation
value of the energy-momentum tensor evaluated in this s
approaches a constant value~proportional toT4). In contrast,
for the Unruh@4# state—the state describing the black ho
evaporation—the~renormalized! energy density decrease
with 1/r 2 for large r. As a consequence, the expectati
value of the number of particles in this state does not disp
the complete divergenced1(G,G).

It might be interesting to illustrate the point above wi
the aid of the Bogoliubov coefficients: If we consider t
spherically symmetric collapse of a star to a black hole
metric outside the initial radius of the star does not cha
~Birkhoff theorem!. Ergo the behavior of the modes at ve
large radial distancesr is not affected by the collapse. Ac
cordingly, this region does not contribute to th
bv,v8-coefficients and generates ad(v2v8)-term for the
av,v8-coefficients, cf. also@2#. Recalling the unitarity rela-
tion for the Bogoliubov coefficients in Eq.~81! we arrive at
the conclusion that exactly this term generates
d1(G,G)-part of the infinite volume divergence. Followin
Hawking @2# we assume that—for large initial frequenci
v—the Bogoliubov coefficients are related via Eq.~76! in
analogy to Sec. IV C. Proceeding in the same way as in
section we observe that thev-integration of the absolute
value squared of thebv,v8-coefficients is UV-divergent
again. But in contrast to the Unruh effect this divergen
does not containd1(G,G), but only d2(G,G) owing to the
unitarity relation~81!. Consequently the Minkowski vacuum
is a KMS state with respect to the Rindler observer, bu
does not transform into a KMS state during the collapse t
black hole~if we assume the space-time to be asymptotica
flat and therefore unbounded!. Hawking derived the relation
~76! only for the finally outgoing particles. But even if thi
relation would hold for both, the~finally! ingoing and outgo-
ing particles, the state would still contain less particles th
the corresponding KMS state.

As it became evident in the previous considerations,
vicinity of the horizon of a black hole displays many sim
larities to the scenario of the Unruh effect in Sec. IV
Indeed, withx5k2r2 the black hole metric approaches th
Rindler metric in that region

ds25~k2r2dt22dr22R2dV2!„11O~x!…, ~98!

together with the angular partdV2. This observation moti-
vates an argumentation analogue to that at the end of
IV D, cf. also @19#. Indeed, it is possible to prove@16# that
for a state satisfying the Hadamard requirement~among
other conditions, see@16#! throughout the complete spac
time ~and in particular at the horizon! the asymptotic expec
tation values correspond to the Hawking temperature.
ground state of the quantum field~the Boulware state! as
well as every KMS state~with an arbitrary temperature! obey
the Hadamard singularity structureaway from the horizon,
see@23#. But only that KMS state that corresponds to t
Hawking temperatureT5k/(2p)—i.e. the Israel-Hartle-
Hawking state—matches the Hadamard conditionat the ho-
rizon. ~The same holds true for the Unruh state.! It can be
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shown that the Hadamard condition is conserved during
dynamics of aC` space-time. Accordingly, if the collapse o
a star to a black hole can be described by aC`-metric, the
consideration above can be used to deduce the Hawking
fect. ~The Minkowski vacuum is of course also a Hadama
state.! However, dropping the assumption of aC` space-time
the situation becomes less clear.

If we compare the outcome of this section with th
Minkowski example, we arrive at the conclusion that t
formation of the horizon causes a bifurcation in a dou
sense.

The total Hamiltonian of the fieldĤ splits up into two
commuting partsĤ, and Ĥ. which account for two inde-
pendent~physical complete! regionsr ,R andr .R, respec-
tively.

Before the horizon has been formed there exists only
generalized eigenfunction for every given frequency a
fixed angular behavior. This property forbids the definiti
of ingoing and outgoing particles~see Sec. IV A!. After the
horizon has been formed the spectrum is twice degener
and the definition of ingoing and outgoing particles becom
possible.

B. Black hole interior

Our previous investigations focused on the exterior of
black hole. As indicated before we shall now take the inter
region into account. Inside the~non-extreme! black hole it
yields h(r ),0 and thereforegtt,0, grr .0, gqq,0 and
gww,0. As a consequence the signature of the metric
degenerated and thus the particle and vacuum definition
posed in Sec. III does not apply. However, it is still possib
to obtain a self-adjointK-operator governing the dynamic
of the system. But for this purpose some modifications
necessary with the result thatK is not given by D †D̄ and
thereforenot non-negative. As we shall see later the negat
parts ofK correspond to unstable fields modes.

At first the scalar product of the interior region$•u•%1
, has

to be defined withug00u instead ofg00 in Eq. ~14! in order to
obtain a positive-definite bilinear form. For reasons of si
plicity we restrict our further considerations to the Schw
zschild metrich(r )512R/r and start with the functions

C0
`~G,!5 lin$C0

`~0,r ,R! ^ C`~S2!%, ~99!

whereS2 denotes the 2-sphere ofq andw. Again the Hilbert
spaceL2(G, ,ug00u) is given by the completion of all thes
functions with respect to the~redefined! scalar product.

The degenerated signature permits the definition of a s
lar product containinggi j . Accordingly, the subsequent step
in Sec. III cannot be adopted here. In particular we can
introduce an operatorD such that the self-adjointK-operator
is represented by the absolute value squared ofD. Instead we
may define an operatorK0 via

K0 :C0
`~G,!,L2~G, ,ug00u!→L2~G, ,ug00u!

f→2
h

r 2

]

]r
hr2

]f

]r
2h¹qw

2 f.

~100!
4-14
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The second term at the right-hand side of the above exp
sion for K0 generates the negative parts of this opera
These negative parts originate from the angular derivat
and cannot be obtained in a purely radial symmetric con
eration.

Obviously K0 is Hermitian with respect to the scala
product containing the weightu1/hu ~andA2g5r 2sinq). In
addition—since Def(K0)5C0

`(G,) is dense in the underly
ing Hilbert spaceL2(G, ,ug00u)—it is densely defined and
therefore symmetric.

Now we can make use of the following theorem~see e.g.
@35#!: Every symmetric andC-real operator acting on a com
plex Hilbert space possesses~at least one! self-adjoint exten-
sion~s!. As a result we will always find a self-adjoint oper
tor K ~as an appropriate extension ofK0) governing the
dynamics of the field. In terms ofK the Lagrange function in
Eq. ~13! for the interior domain assumes the simple form

L,52
1

2
$ḞuḞ%1

,1
1

2
$FuKuF%1

, . ~101!

Note that in contrast to Eq.~20! the global sign has changed
However, this global sign does not affect the equation
motion, but—as it will become evident later—the negati
parts of theK-operator do so.

Since the self-adjointK-operator represents an extensi
of the original operatorK0 these two operators have to c
incide on the subspaceC0

`(G,). Accordingly, it is possible
to construct test functionsw(r ,q,w)5w(r )Ylm(q,w)
PC0

`(G,) generating negative expectation values of
K-operator via

$wuKuw%5E
0

R

dr„uhur 2u] rwu22 l ~ l 11!uwu2
…,0.

~102!

If we choose the angular quantum numberl very large the
expectation value$wuKuw% equals negative numbers of arb
trarily large absolute values, even for normalized test fu
tions $wuw%51. Hence the spectrum ofK is unbounded
from below. ~Of course it is also unbounded from above!
Diagonalizing the Hamiltonian by means of a quasi-unita
transformationV in analogy to Sec. III yields

Ĥ,52
1

2X
G

~ P̂G
21lGQ̂G

2 !. ~103!

The interior Hamiltonian is still self-adjoint~by Stone’s
theorem!—but it is not bounded from above and below. Erg
it does not possess a ground state, and a definition of
ticles as excitations over the ground state is impossible.

As mentioned before, the global sign does not affect
equations of motion, but the occurring negative eigenval
lG do so: The modesG corresponding to negative eigenva
ueslG obey the following equations of motion:

d2

dt2
Q̂G5ulGu Q̂G . ~104!
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Their solutions exp(6AulGut) display a highly~linear! un-
stable behavior.

This instability cannot be avoided by introducing an i
definite metric of the Fock space@43# if we assume the black
hole to be formed by a collapse because in this case the F
space is initially well-defined and obeys a positive defin
metric ^CuC&>0.

One might suspect that the initial conditions are just
such a way that the exponentially increasing solutions do
occur, cf. also@44#. Employing an analogue from classic
mechanics this situation corresponds to a point-mass mo
on the top of a parabolic hill which just comes to rest at t
zenith of the parabola. However, within quantum theory
~regular! stationary state exists in such a scenario~Heisen-
berg uncertainty relation!. Even if the expectation value o
the amplitudeQ̂G vanishes for all times, its variance in
creases exponentially~for late times!.

Since the unstable behavior described above account
the time-evolution of the~global! modesG it describes a
global instability which should not be confused with the co
cept of local stability usually associated with the Hadam
condition, cf.@13# and @23#.

It should be mentioned here that potential terms~which
we have omitted in Sec. II! may also give raise to negativ
parts of theK-operator. E.g., if the assumptions in Sec. III
fail and the scalar curvatureR assumes negative values ov
a large enough volume the operatorsB andK are not non-
negative. However, in this situation theK-operator is still
bounded from below~if R does not diverge!. Hence only
modes up to a certain quantum number are unstable. T
modes are strongly correlated to the global structure of
space-time. Special care is required concerning the inter
tation of the instability caused by mass terms. Mass te
that are generated by the Higgs mechanism occur in the
fective Lagrangian for low excitations and cannot be e
trapolated to large amplitudes. Restricting ourselves to
massless and minimally coupled scalar field~as a model for
the photon field! only the instability due to the angular de
rivatives remains where all these objections do not apply

In order to interpret the instability it might be interestin
to investigate the corresponding proper or generalized eig
functions. Near the horizon~inwards!, the modes behave a

f G;exp~2r *
AlG!;~2k@R2r # !2AlG/(2k). ~105!

Depending on the behavior at the originr 50 one might
expect the existence of proper eigenfunctionsf G at some
points of the negative part of the spectrum.

However, even if no proper and~pointwise or locally de-
fined! generalized eigenfunctions exist, one may still co
struct suitable distributionsf G with analogous properties
@42#: Considering the Schwartz-Sobolev spa
S1(s,V),L2(s,V) of all continuous functions over the
spectrum s of the K-operator we may define a Dira
d-distribution as a linear functional over this space. This d
tribution dG5d(l,lG) is then defined within the dual spac
S21(s,V). It represents a generalized eigendistribution
the diagonalized K-operator VKV †dG5MdG5lGdG .
Hence its spatial representationf G5V †dG exists at least as a
4-15
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distribution over V †S1(s,V) @which is dense in
L2(G, ,ug00u)# and describes an eigendistribution ofK. The
construction described above generates non-vanis
eigendistributionsf G for all non-singular points~of the spec-
tral measure! G of the spectrums. Since every open interva
of s contains non-singular points we can always find
appropriate modeG where f G exists.

Using these eigendistributionsf G(r) we can construct so
lutions of the Klein-Fock-Gordon equation of the form

FG~r,t !5exp~6AulGut ! f G~r!, ~106!

if we choose a modeG from the negative part of the spec
trum. As a consequence, the equation of motion does
only possess unstable solutions—even the degree of th
stability AulGu can be arbitrarily large. In a vivid descriptio
one may speak about an explosion interiorly.

It should be mentioned here that a~partial! negative
Hamiltonian, i.e. a~partial! negative generator of the time
evolution, isnot sufficient for the prediction of an instability
As a counter-example we may consider a (111) dimen-
sional black hole withds25hdt22dr2/h. In this situation
there are no angular terms and thus the interior as well as
exteriorK-operator are both non-negative. Consequently
equation of motion is completely stable. Of course, the in
rior HamiltonianĤ, displays a global minus sign, but th
does not affect the equation of motion

Ĥ5Ĥ.1Ĥ,

5
1

2X
G,.

~ P̂G,.
2 1VG,.

2 Q̂G,.
2 !

2
1

2X
G,,

~ P̂G,,
2 1VG,,

2 Q̂G,,
2 !. ~107!

Moreover, although the total Hamiltonian is unbounded fro
above and below, it splits up into two independent pa
which are bounded. The existence of a horizon is esse
for this bifurcation. In a flat space-time the Wightman@41#
axioms~spectral condition! demand a non-negative generat
for stability.

The Schwarzschild metricds25hdt22dr2/h or ds2

5hdt22dr2/h2r 2dV2 possesses a unique analytic contin
ation to values ofr beyond the horizonr ,R. In contrast the
analytic continuation of the Rindler metric to negative valu
of r does not lead to a degenerated signature and com
values ofr and/ort do not describe a physical sheet of t
space-time. As a consequence one observesno instability in
the Rindler metric—i.e. the scenario of the Unruh effect.

The notion of the unstable behavior obtained above re
to the timet measured by an~outside! observer at a fixed
spatial distance to the black hole. One might argue that
time coordinate is not capable for describing effects ins
the black hole due to the coordinate singularity atr 5R.
However, the instability obtained above is not restricted
the Schwarzschild coordinates—it occurs in other coordin
systems as well: By virtue of the transformation
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dt→dt6
AR/r

12R/r
dr, ~108!

the metric of the black hole can be cast into the Painle´-
Gullstrand-Lemaıˆtre @45–47# form

ds25S 12
R

r Ddt262AR

r
dtdr2dr22r 2dV2. ~109!

This metric is regular everywhere except at the singularity
r 50. The transformation of the unstable solutions in E
~106! into this coordinate system via Eq.~108!, i.e. t→t
6J(r ), merely results in a simpler-dependent factor

FG~r,t !5exp~AulGut ! f G~r!exp„6AulGuJ~r !…, ~110!

while the unstable behavior persists. The same holds true
the Eddington-Finkelstein coordinates withv5t1r * .

ds25S 12
R

r Ddv222dvdr2r 2dV2. ~111!

Within these coordinates ingoing light rays are simply go
erned byv5const. Both coordinate systems lead to a stati
ary ~but not static! metric, i.e. the evolution parameter sti
coincides with a Killing vector.~This is not the case for the
Kruskal metric.! In summary the instability of the field equa
tion inside the black hole turns out to be a quite gene
phenomenon.

C. Back reaction

The Eddington-Finkelstein metric in Eq.~111! allows for
a demonstrative visualization of the unstable behavior: If o
emits radially ingoing light pulses in uniform intervals the
beams are labeled by equidistant values ofv. According to
the results of the previous section the amplitude of the fi
F inside the black hole increases exponentially with risi
numbersv of the light rays. Hence we may draw the concl
sion that the instability is not just an artifact caused by
inappropriate description but a physical effect.

Nevertheless, for an eternal black hole the outside
server is completely causally separated from the region
the instability. Hence the interpretation of the unstable
havior is not obvious in that case. But if one considers
possibility of the decay of the black hole~no matter whether
via evaporation or explosion! and assumes that this deca
can be described using one of the coordinates above the
stable behavior should be relevant.~Of course, the assump
tion of an eternal black hole automatically excludes some
the scenarios where the instability may become relevant!

In order to investigate the consequences of the instab
one has to deal with the back-reaction problem. Within all
our previous considerations the quantum field was regar
as a test field, i.e. it did not influence the given~externally
prescribed! space-time. It is known from classical fiel
theory ~see e.g.@48# and references therein! that the forma-
tion of the horizon and the singularity may well be affect
by the scalar fieldF. ~For quantum field theory one expec
that the back-reaction will become important at the Plan
4-16
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scale.! However, Ref.@48# deals with radially symmetric
fields only. For that reason the unstable behavior was
obtained there. The correct implementation of the ba
reaction of a quantum field has to be determined by an
derlying theory unifying gravitational and quantum effec
Since we have no well-established solution to this proble
we may only speculate about the impact of the quantum fi
on the metric based on physical reasonable arguments. T
are several possible consequences:

The explosion of the complete black hole

The unstable field modes evolve as exp(AulGu@ t
2r * #). Hence they ‘‘reach’’ after a finite period o
time the Planck scale vicinity of the horizon, where t
classical treatment of the gravitation is expected
break down. In that case one might imagine that
‘‘wave front’’ destroys the horizon and thus the com
plete black hole.~Such an event might perhaps be r
garded as a toy candidate for the big bang.! In view of
arguments concerning the time-reversal symme
there is no obvious reason why the explosion of
complete black hole should be impossible.

As long as there is some matter falling into the bla
hole its horizon increases. Depending on the particu
dynamics of the metric this may prevent the ‘‘wav
front’’ from ‘‘reaching’’ the vicinity of the horizon.
But for a static black hole there is no way to avert t
impact.

One should be aware that most of the theorems of c
sical general relativity—e.g. the black hole analogu
of the laws of thermodynamics—are based on app
priate energy conditions, cf.@33#. But incorporating the
expectation value of the energy-momentum tensor
the quantum field these energy conditions do not h
in general. In some cases one may employ avera
energy conditions instead, but even the validity of
averaged condition is by no means obvious in view
the unstable solutions of the field equation.

The prevention of the singularity atr 50

One might expect that the impact of the instability is
the origin r 50 much stronger than at the horizonr
5R. In fact, also those theorems of general relativ
that predict a space-time singularity after a gravi
tional collapse are based on energy conditions. A
cordingly, taking the back reaction of the quantu
field into account, the formation of the singularity ma
perhaps be avoided. Instead one might imagine so
kind of quasi-oscillations: Impelled by the~exponen-
tially large! amplitudes of the quantum field, the matt
around the origin blows up, absorbs the excitations
the field, collapses~while the field repeatedly evolve
exponentially!, and eventually blows up again.

The field does not affect the metric
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This possibility cannot be excluded within the fram
work of quantum field theory in given~external! space-
times. However, the situation of a completely sta
black hole ~neglecting the Hawking effect, which i
very small for macroscopic black holes! seems to be
rather strange. In that case the amplitude of the fi
exceeds the Planck scale after a finite period of ti
~measured by an outside observer!. Hence one would
expect drastic modifications of the space-time.

D. Sonic analogue of black holes

In 1980 Unruh@12# discovered a very interesting mod
for the kinematics of fields in curved space-times. He co
sidered the propagation of sound waves in flowing flu
where the effective equation of motion assumes the sa
form as the Klein-Fock-Gordon equation in curved spa
times. The effective metric depends on the particular fl
profile. Many investigations have been devoted to this to
during the last years, see e.g.@20#, the recent work@22#, and
references therein.

Before discussing the consequences of the results of
previous section within this scenario we shall repeat the
sic ideas: The flow of a fluid can be described by its lo
velocity field v, its density%, and the pressurep. The dy-
namics of the fluid is governed by the non-linear Euler eq
tion

v̇1~v¹!v1
¹p

%
5fext, ~112!

if we neglect the viscosity, and the equation of continuity

%̇1¹~%v !50. ~113!

For reasons of simplicity we restrict our further conside
ations to a constant speed of soundcs. This implies the very
simple relation between the density and the pressurep
5cs

2%. If we assume an irrotational flow¹3v50, we may
introduce a generating scalar fieldv5¹F. Now we linearize
the non-linear system of the two equations above aroun
fixed background solution via

F5F01«F11O~«2!,

v5v01«v11O~«2!,

p5p01«p11O~«2!,

%5%01«%11O~«2!. ~114!

This enables us to consider the propagation of small per
bations —i.e., sound waves—within a given flow profile.
turns out@12# that the potentialF1 of the fluctuations satis-
fies the Klein-Fock-Gordon equation with the effectiv
~acoustic! metric

gmn5
%0

cs
S cs

22v0
2 v0

v0 21D . ~115!
4-17
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Ergo sound waves in flowing fluids share a lot of interest
features with fields in curved space-times. E.g., the surf
of transition from subsonic to supersonic flow represents
acoustic analogue of a horizon. For a stationary and radi
symmetric flow this surface possesses even the propertie
an event and an apparent horizon.~Unfortunately this sce-
nario exhibits the problem of fluid conservation atr 50
which has to be evaded in some way.!

Selecting a particular velocity profilev56rAR/r 3 it is
possible@20# to simulate a space-time which obeys —up to
conformal factor r 23/2—the Painleve´-Gullstrand-Lemaıˆtre
@45–47# metric in Eq.~109!. According to the results of the
previous section the Klein-Fock-Gordon equation posse
unstable solutions inside the black hole. Consequently,
the sound waves within the supersonic region obey an in
bility. The conformal factor mentioned above and the co
dinate transformation in Eq.~108! do not alter this
conclusion—see the remarks in the previous section.

In contrast to the ‘‘real’’ black hole, where the cons
quences of the instability are nota priori clear~back-reaction
problem!, there is no possibility to avoid the instability fo
the acoustic black hole models since in that caset denotes
the appropriate time also for an inside observer and
sound waves affect the fluid directly.

In the theory of fluid dynamics, such an instability is
well-known indicator for the breakdown of the laminar~ir-
rotational! flow, see e.g.@49#. I.e., that flow does not repre
sent a stable fixed point of the non-linear equation of moti
Accordingly, any small disturbance will grow up expone
tially until the non-linear regime has been reached.~It should
be mentioned here that the unstable behavior obtained a
is not a downstream instability, cf.@49#, since the perturba
tion increases exponentially also at a fixed radiusr.! In order
to investigate the behavior of the flow after leaving the u
stable fixed point—e.g. pattern formation or turbulence
one has to consider the non-linear region. For quantum fi
in curved space-times one expects to reach the non-li
regime at the Planck scale where the back reaction stro
contributes.

Recalling the outcome of the previous section the unsta
behavior of the equation of motion results from the angu
derivatives of theK-operator. Ergo we may draw the concl
sion that the quantum field inside the black hole as well
the supersonically flowing fluid favor a spontaneous bre
ing of the radial symmetry, similar to the formation of
vortex in the drain of a basin.

VI. CONCLUSIONS

A. Summary

For a minimally coupled, massless and neutral sca
quantum fieldF̂ propagating in an arbitrary physical com
plete and causal space-timeM that possesses a static met
of non-degenerated signature it is possible to perform a
ticle definition via diagonalisation of the Hamiltonian.

Application of this method to the~311!-dimensional
Minkowski space-time yields the nonexistence of radial
going and outgoing particles. For the~111!-dimensional
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Rindler metric we exactly recover the well-known Unru
effect.

If we employ the same formalism in order to investigate
black hole the associated space-time splits up into two in
pendent domains, inside and outside the horizon, res
tively. Within the presented approach a particle definiti
can be accomplished for the exterior region only.

The quantum field inside the black hole possesse
highly unstable behavior. The corresponding Hamiltonian
unbounded from above and below. Accordingly, it is n
possible to define a vacuum as its ground state and part
as excitations over this state.

This instability is not a remnant of an inappropriate d
scription but a physical effect. Due to our lack of understan
ing the unification of quantum theory and gravity the con
quences of this effect are not altogether clear~back-reaction
problem!. In view of the sonic analogues of black holes—
where the unstable solutions go along with the breakdown
the laminar flow—one might expect that the instability ind
cates~at least! the breakdown of the treatment of quantu
fields in given~externally prescribed! space-times.

B. Discussion

In order to elucidate the outcome of the formalism p
sented in this article it might be interesting to discuss
main statements together with their relations to other
proaches: As we have observed in Sec. IV A, the part
definition via diagonalization of the Hamiltonian~equivalent
to the energy! does not allow for the introduction of ingoin
and/or outgoing particles in the Minkowski space-time. T
same holds true for more general regular space-times. A
consequence, the vacuum coinciding with the ground s
cannot be defined as that state that is annihilated by the ‘
erators’’ ÂG corresponding to purely ingoing~and/or outgo-
ing! components exp(2ivv)/r @and/or exp(2ivu)/r#, with v
5t1r andu5t2r . Instead the ground state gets annihilat
by ‘‘operators’’ ~strictly speaking, operator-valued distribu
tions! corresponding to standing waves, i.e. superposition
ingoing and outgoing components with equal weights. Er
considering the collapse of a star to a black hole the ini
ground state cannot be uniquely and consistently defined
the requirement ‘‘no ingoing~or incoming! particles~or ra-
diation!.’’ Reference@4# states explicitly:Note that we have
not defined the vacuum by minimizing some positive-defin
operator expectation value (e.g. the Hamiltonian), but
have defined the vacuum as the state with no incoming
ticles. In order to investigate the relationship of the sta
defined in this way and the initial ground state addition
considerations are necessary.

In contrast to the Minkowski case the ground state of
quantum field in the exterior black hole space-time—t
Boulware state— has to be defined via demanding that
action of the annihilators forboth, the ingoingand outgoing
modes, yields zero:;jv lm :Âjv lmuCB&50. This fact illus-
trates the bifurcation caused by the formation of the horiz

However, if we assume the black hole to be enclosed b
large sphere with e.g. Dirichlet boundary conditions then
definition of ingoing or outgoing particles is impossib
4-18
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again. This observation demonstrates manifestly that the
ticle interpretation is a global concept—it may be influenc
by objects~e.g. the sphere! at arbitrarily large distances.

As another difference between the black hole and
Minkowski situation we may recall the fact that th
K-operator of the black hole possesses—even in the pres
of a finite sphere—a continuous spectrum. Due to the a
tional effective infinity at the horizon the infinite volum
divergence of the black hole space-timecannotbe regular-
ized by enclosing it by a finite box.~This regularization ap-
plies only to space-time without any horizon.!

There are two main interpretations of the Hawking effe
The first view considers the particles to be produced by
dynamics of the space-time during the collapse while wit
the second view the radiation is created in a steady rate
the collapse. The observations in Sec. V, i.e. the splitting
the total Hamiltonian into two independent parts and the
agonalization of the exterior part by a suitable particle d
nition ~where the number of particles is conserved!, supports
the former interpretation.

The Hawking effect may be regarded as the verification
the extension of the laws of thermodynamics to objects
black holes. This effect allows us to assign a temperatur
the black hole viaT51/(8M ) for the Schwarzschild black
hole with h5122M /r . As a result the associated heat c
pacity of the black hole turns out to be negative: If the m
~energy! increases the temperature decreases. The clas
laws of thermodynamics predict that an object obeying
negative heat capacity will be unstable. Accordingly, the
stability of the black hole interior as observed in Sec. V
might also be regarded as a verification of the application
thermodynamics to black holes.

The consequences of the unstable behavior of the Kl
Fock-Gordon equation in the interior of the black hole ca
not be deduced rigorously within the framework of quantu
fields in ~externally prescribed! space-times. The evaluatio
of the impact of this instability demands the knowledge
the back reaction which has to be determined by a unify
theory. Nevertheless, if the underlying theory possesse
evolution parameter corresponding to the Schwarzsc
time t ~or one of the other coordinates discussed in Sec. V!
and contains the treatment of quantum fields and exte
metrics in some limiting case, then one would expect that
representation of a black hole also obeys the linearly
stable behavior.~This would be consistent with the fre
quently adopted interpretation that black holes are hig
excited states of the unifying theory.!

For the situation of the acoustic black hole the interpre
tion of the unstable behavior is more obvious. Without a
mechanism preserving~enforcing! the radial symmetry~e.g.
effects of super-fluids! it is probably impossible to realize th
sonic analogue of a black hole experimentally.

C. Outline

The particle definition presented in this article is restric
to static space-times. This includes the Schwarzschild
the Reissner metric, but not the Kerr space-time describin
rotating black hole. Accordingly, further investigation
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should be devoted to the extension of the previous result
stationary metrics.~Without any Killing vector generating
the time-translation symmetry it is probably impossible
perform a unique and physical reasonable particle defi
tion.!

Another important extension of the provided formalism
given by the incorporation of the electromagnetic field

L5
1

4
FmnFnm. ~116!

The Maxwell theory possesses primary and secondary c
straints@32#. These gauge problems have to be solved bef
the quantization and the particle definition becomes possi
One way to accomplish this—which seems to be suitable
the canonical approach—is the method of reduction of v
ables@50#. Nevertheless there is no obvious reason why
main results of this article should not persist. The equation
motion of the electromagnetic field is given by

¹mFmn5
1

A2g
]m~A2ggmrgns]rAs!

2
1

A2g
]m~A2ggmrgns]sAr!50. ~117!

For a very rough estimate one may drop the second te
which is related to the longitudinal degrees of freedom. T
remaining equation possesses unstable interior solut
similar to the scalar field scenario.

The investigation of the Dirac field

L5C̄S i

2
gmDm

↔
2mDC ~118!

around charged black holes creates some new kind of p
lems, see e.g.@21#. Similar to the Schwinger mechanism i
the semi-classical description a tunnelling process is p
sible. This tunnelling probability gives raise to the questi
of whether a stable vacuum in the quantum field theoret
treatment exists.

Having obtained a linear instability of the linear equatio
of motion one may ask whether the unstable behavior p
sists for non-linear equations of motion including interacti
terms, for instanceF4. One might suspect that the non-line
terms generate new stable fixed points of the equation
motion—i.e. a non-perturbative stabilization of the bla
hole. However, in this case the amplitude of the field has
be located at some fixed scale while the~linear! instability
exists for arbitrary large scalesulGu. This might be an argu-
ment for the dominance of the unstable linear contribution
this region. In order to elucidate this point it is necessary
consider the scale behavior of the interacting theory.

This article considers the propagation of quantized fie
in a given~i.e. externally prescribed! space-time. To examine
how the quantum fields influence the metric one has to d
with the back-reaction problem. Within the canonical~opera-
tor! quantization one usually employs the renormalized
4-19
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pectation value of the energy-momentum tensor as
source of the Einstein equations@10#, and within the path-
integral approach one may integrate out the quantum fiel
order to obtain an effective action~accounting for the de-
grees of freedom associated with the dynamics of the sp
time!. However, a complete solution to this question pro
ably requires the knowledge of the unification of gene
relativity and quantum field theory.
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