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Particle definition in the presence of black holes
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A canonical particle definition via the diagonalization of the Hamiltonian for a quantum field theory in
specific curved space-times is presented. Within the provided approach radial ingoing or outgoing Minkowski
particles do not exist. An application of this formalism to the Rindler metric recovers the well-known Unruh
effect. For the situation of a black hole the Hamiltonian splits up into two independent parts accounting for the
interior and the exterior domain, respectively. It turns out that a reasonable particle definition may be accom-
plished for the outside region only. The Hamiltonian of the field inside the black hole is unbounded from above
and below and hence possesses no ground state. The corresponding equation of motion displays a linear global
instability. Possible consequences of this instability are discussed and its relations to the sonic analogues of
black holes are addressed.
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I. INTRODUCTION we propose in Sec. lll a canonical approach to the particle
definition via the diagonalization of the Hamiltonian. This

At present we know two very fundamental and effectualprocedure is applied to some flat space-times in Sec. IV in
theories in order to describe nature, quantum theory and gerder to elucidate the underlying mechanism. Section V con-
eral relativity. But a satisfactory unification of these distinctsiders the space-time of a black hole and Sec. V A presents
theories is still missing_ One p033|b|||ty to achieve Somethe particle definition for the exterior domain. In Sec. VB
progress towards this aim is expected to be provided by thwe examine the quantized field inside the black hole and
consideration of quantized fields in given classical spacededuce the unstable behavior of its time-evolution. Possible
times. Within this treatment the metric plays the role of anconsequences of this instability are discussed in Sec. V C
external background field. Various investigations have beegnd its implications for the sonic analogues of black holes
devoted to this topic during the last decades. In order tdre pointed outin Sec. V D. We shall close with a summary,
mention On|y some of the most important initial papers insome discussions and an outline. Throughout this article
chronological order: In 1972 Fullingl] noticed the non- hatural units withG=#=c=kg=1 will be used. Lowercase
uniqueness of the particle interpretation in curved spaceGreek indices such ag,v vary from 0 (time) to 3 (spacg
times (which may be regarded as the basis for several efand describe space-time components. Lowercase Roman in-
fecty. Two years later Hawking2] found out that black dicesi,j range from 1 to 3 and label only the spacEor
holes are not completely black but possess a thermal behalpoth we employ the Einstein sum conventjohlppercase
ior caused by the conversion of the initial vacuum fluctua-Roman indicesl,Je N may assume all natural numbers
tions. A short time after this striking discovery Davigg]  while uppercase Greek indices likg A may be more gen-
showed that also a uniformly accelerated mirror—treated asral, e.g. continuous.

a mirror at rest in the Rindler metric—creates a thermal spec-

trum. In 1976 Unruh[4] recognized the fact that even a Il. EQUATIONS OF MOTION

uniformly accelerated observer in the Minkowski vacuum ) L

feels environed by a thermal bath. Many examinations have We consider a minimally coupled, massless and neutral
been accomplished since these basic papers, sek5e 2] (i.e., rea].scalar flle|d<D whose prqpagatlon in the space-time
and references therein. Now black holes are very interestingM-9"") is described by the action

touchstones in order to test candidates for the theory that N

un|f|es_ general relativistic aqd quantum aspects. The repre- A:f d4x—gg’“’(a ®)(9,D), 1)
sentations of black holes within the underlying theory are M 2 K’ !

expected to reproduce their main properties.

The main intention of this article is to provide a canonicalwith g=det(g,,). Possible potential terms such as a mass
approach to quantum field theory in specific curved spaceterm m*®? or a conformal coupling terR®?/6 (whereR
times and a related particle definition, together with an in-=Rﬁ denotes the Ricci scalado not alter the main conclu-
vestigation of the consequences of this formalism. sions; see Secs. Il B and V B. The same holds true for a

This paper is organized as follows: In Sec. Il we set upcharged and thus complex fiefd and ®*. For reasons of
the equations which describe the quantum field under consimplicity and considering the scalar fiedel as a model for
sideration together with the assumptions necessary for thihe photon field we restrict ourselves to the most simple
particle definition. Based on methods of functional analysisaction in Eq.(1).

Provided that the spatial surface terms arising from the
integration by parts vanish the variation of the actiéd
*Electronic address: schuetz@theory.phy.tu-dresden.de =0 leads to the Klein-Fock-Gordon equation
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1
Ob=-——4,(Jy—09g9*"9,P)=0. (2
The corresponding inner product is defined by
def —
(o= [ dstir 3,0 @

with ¢d,,¢=d,,¢— ¢d, . In this definition the surface el-
ementds , already contains factors lik¢—gy with the re-
sult dEde":d“x —g. For functions which fulfil the
Klein-Fock-Gordon equation]#=[1¢$=0 the inner prod-
uct is independent of the special surfacecf. for instance
[29]. To see that, one has to use Gauss’ law

b as,me | awmgv,ae @
oM s ME

and again to require vanishing spatial surface terms.

A. Preconditions

Now we have to specify the assumptions which are nec-
essary for an appropriate particle definition. At first we de-

mand astrongly causal space-time.Mhis condition ensures

the essential physical principle of distinguishing cause an
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As demonstrated above the possibility of performing the
integration by parts is a really important issue. Accordingly,
our last assumption is physical complete region .GThis
simply enforces the vanishing of the surface terms. The oc-
currence of such boundary contributions always indicates the
interaction with a system behind the surface. Such a region
would not be physical complete. It should be noted here that
the validity of the integration by parts also includes period-
icity in angular coordinates, such &é¢)="f(¢+2). For
the above specified space-tinve= R® G the spatial surface
terms read

fedqugiiaj@:o. (7)

There are several ways to achieve the equation above. For
Dirichlet boundary conditions one would demagdd=0 at

dG and for Neumann typdSg" 9;® =0 atJG. But there is

also a third possibility for the disappearance of the surface
terms, namely if the components of the metric themselves
which are orthogonal to the surfad& approach zero atG,
i.e.dSg"(0G)=0. As stated above this might be the case
for a horizon situated at the boundai(.

Strictly speaking, there exist various definitions of a hori-
zon, such as the event, apparent, Cauchy, particle, and puta-
tive horizon, cf.[33] and[27]. The definition of the particle

{porizon refers to a special observer at a given time-like

effect and forbids(for instance the occurrence of closed word-line whereas the other horizons can be defined in an

time-like curves, cf[33].
As another requirement we imposestatic metricof the
space-timeM:
ds?=g,,,dx“dx"= ggo(r)dt?+g;; (r)dx'dx. (5)

These two assumptions allow to factorise the space-Nmne
=R®G into timet € R and space e G with an open domain

observer-independent way. Hence, the vanishing of the spa-
tial surface termgwithout constraints on the fielglsmplies
a priori only a particle horizon a#G. However, with some
additional requirements on the space-time, for instance
spherical symmetry and asymptotic flatness, tparticle
horizon atdG meets the other definitions as well.

After having established the properties of the space-time
M, we arrive at the conclusion that it is globally hyperbolic

GCR®. The Killing vector corresponding to the time trans- (i.e. strongly causal and complete, £83]) and the spatial
lation symmetry permits the definition of a conserved en-domainG represents for every timea Cauchy surface.
ergy. This fact is substantial for a physical reasonable par-

ticle definition; see also Sec. Il B below. On the other hand,
the selection of a particular Killing vector refers to a class of
associated observers whose time evolution is generated t%x
this vector field. In general different Killing vectors generate
distinct particle definitions applying for the different observ-

ers; see Sec. IV C below.
The third precondition we need is calledn-degenerated

signature This fixes the signature of the metric inside the

domainG:

VreG: goo(r)>0; [g;(r)];<0. (6)

B. Energy

For a time-independent metric the Noether theorem de-
ands the existence of a conserved energy. The energy-
momentum tensor for the scalar field reads

2 SA
L P—

" -g et

g/.LV
2

=(9,9)(3,P)— —5-(3,P)(97P).
®

By virtue of the Klein-Fock-Gordon equation®=0 the
covariant divergence of the energy-momentum tensor van-

In the latter inequality @;;(r));; has to be understood as a ishes

matrix (and not as the single componentse. Vpe R3:p?

>0Hpig”pj<0. Both quantities §oo andg;;) are continu-

ous and regular insid& but may diverge or vanish by ap-

1 1
V#T':)L:Tgﬂ#( V_ng)_ETaBﬂVgaBZO- (9)

proaching the boundaryG. This might be the case for a

horizon situated a#G. (A g°-component of the metric that In general this covariant equation does not lead to any con-
vanishes over a finite volume would create primary con-served quantities due to the exchange of energy and momen-
straints, see e.432].) tum between the gravitational and the scalar fieddcond
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term). But for a stationary metricd,g,5=0) it is possible to
construct a conserved energy flux* utilizing the
(v=0)-components
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infinitely differentiable functionau:G— R of compact sup-
port inside the open domaf®. For two functions of this kind
u,v e C5(G) we define a scalar product via

d,i*=d,(N-gT§)=0. (10

This local conservation law allows for the introduction of a
conserved energy as a global quantity via

def
{ulv},= de3rg°°(r)U*(r)v(r). (14

The assumption of a non-degenerated signature in Sec. Il A

is essential for this definition. Without a positig® the

above expression would be a pseudoscalar product instead of

a scalar product withu|u} =0« u=0. The latter property is

necessary for investigations concerning convergence. As ev-

ery scalar product induces a noru||?>={ulu} it is now
ossible to define a Hilbert space as the completion of all
6 (G) functions with respect to this norm

13

def
E=J d3x\/—gT8=J d3rTy.
G G

For a Minkowski space-time whef°=T3= T, holds this
definition coincidegof coursg with the usual energy. An-
other argument for the above defined energy for being th
correct choice is the following: Starting from the actigh
we may define the Lagrange functibnsuch that

def
L2(G,g%) = Cg(G)! I, (15)

def

A= | dtL (12)

Because every C;(G)-function can be L,(G,g%)-

) ) approximated by linear combinations of step functions, this
holds. The Hamilton functiotd as the Legendre transform ot space is separable.

of this I__agrange function exactly coincides with the energy  the same procedure may be performed for vector-valued
of the fieldH=E. functionsu:G—R3. Again we may define a scalar product
for two smooth functions of compact support,v

IIl. PARTICLE DEFINITION €[C5(G)1® due to the non-degenerated signature

To provide a canonical definition of particles one has to
indicate which properties the particles should exhibit. For a
free (linean field we expect the particles to evolve indepen-
dently and to carry a certain energy. As shown in Sec. Il B,
for a static metric the enerdy of the field® and its Hamil- and in analogy the corresponding Hilbert space reads
ton function H coincide. Consequently, both requirements
can be satisfied by the diagonalizationi¥H or, equiva- 3 . defw—g{.|.}
lently, the Lagrange functioh. Having defined the particles L3(G.g")= [Co(G) ] 13, 17
via diagonalization oH =E, the corresponding vacuu , .
coincidges with the ground state of thg Hami%tonian g?1>d th The advantage of.the scalar prqducts def|'ned n such away
energy. Of course, the procedure described above does ;ia?comes evident if we use the linear partial differential op-
represent the only one possibility to accomplish the particleeratOr
definition. Another approach is based on the "one-particle
structure” of classical solutions of the field equation, see e.g.
[6,34,7,14,15and the remarks in Sec. Il F.

def

{UIv}3=—de3rg”(r)ui*(r)vj(r), (16)

D:CI(G)CLy(G,g")—L3(G,gT)

According to the definition in Sec. Il B the Lagrange d(r)—[die(r)]; (18)
function governing the dynamics of the field reads to cast the Lagrange function into the simple form
L=1f d3rg°0(r)<'1>2+5f d*rg'l(n(5,®)(5;®) 1 blan._ L
2Ja 2Jc ' e '—:E{‘M‘I’}l_ §{D®ID¢}3- (19

(13
Nevertheless, this is still not a representation which is
suitable for diagonalization. For that purpose we have to

To di i hi . h deal with erform the spatial integration by parfsee Sec. )l In
10 diagonafize this expression oneé has to ea WIth @llerms of functional analysis this means the construction of
elliptic partial differential operator which requires some

functional analysis. All of the used theorems can be found ir;[he adjoint operator. The domain of definition DBJ(

= * - I 1 O
[34,35 and are not cited explicitly in the following. Co(G) of the D_operqtqr T'S Qense |nL.2(G,g )
As a consequence, its adjoif?' exists as a linear oper-

ator D":Def(DT)CL3(G,g")—L,(G,g%). For[C5(G)]*-

functions the spatial integration by parts is always possible.
To work with mathematically well-defined quantities we Accordingly, the domain of definition of the adjoirf’

have to set up some definitiorSg (G) denotes the set of all contains these functiorﬁ@?j(G)]?’C Def(D') and is thereby

where d®r denotes the spatial integration with the volume
elementd®r= \/—gd®x.

A. Hilbert space theory
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also dense irLg(G,g”). Therefore the twice adjoinD™"  Obviously this operator is bounded, non-negative, and self-
exists as a linear operator as welD':Def(p?)  adjoint. In addition, since Def "D)C Def(5)=L,(G,g%),
CL,(G,g")—L3(G,g'l). Of course, these operators de- We may define a modifiefl-operator via

scribe physical reality only if one ensures the possibility of

the spatial integration by parts via physical reasons as done def

—pip. —
in Sec. Il A. K=D "D+ Blpein D) » (25)
which is still self-adjoint and non-negative.
B. IC-operator
Now we are in the position to cast the Lagrange function C. Spectral theory

into a form Wthh can be- Utlllzed for the dlagonallzatlon of As mentioned above, every Se|f-adjoint Operator can be
the System. With the definition of the elllptlc partlal differ- diagona“zed_ One way to reveal this statement in a more
ential operatoricd:fDTD” (see alsd1,25]) we arrive at explicit form is the following theorem: For every self-adjoint
operator [C there exists a spectral famil§ of orthogonal
1. . 1 projections with
L=5{0[d}- S{@[D ™D 0}
IC:f NAE(N). (26)
def L. 1 . . .
=—{®|D},— = {D|K|D};. (200  d&(N) contributes only for valuea being in the spectrum
2 2 o(K) of the K-operaton e o(K). The spectrun(K) of an
operatorC contains all complex numbers= C for which the
Every linear operator of the formiC=D™D'" is non-

def

—(7— -1 H H - -1
negative and self-adjoint and thus can be diagonalized. LESOVENtR(2)=(z—K) " does not exist, i.e.Z-K) " is
us study the domain of definition Déf) of this operator. not a well and densely defined and bounded operator. For a

The twice adjoint operatdP ' is the closure of the original self-adjoint and non-negative operathr the spectrum is

= . o urely real and non-negative(C)C R, . It splits up into
operatorD, .. DfDTT' Its -domam of definition is the E/vo garts, the point sp(gctrum(p a)md the con?inuouz spec-
completion of allC, (G)-functions trum .. The point spectrum is the set of all proper eigen-
. values\ corresponding to proper eigenfunctions
Def(D)=Cg(G)!'I" (22)
op={N e C:3|f,}:K[f\}=[f\IN] (27
with respect to the graph scalar product which is defined V|a_1|_he continuous spectrum contains all numberahere (

def — )~ formally exists, but is not bounded

{ulv}p={ulv}1+{Du|Dv};. (22 ge={N e Choy:]|(A—K) Y| =}, (28)

One observes that the operafior £ is exactly the Friedrich  The discrete spectrunng is that part of the point spectrum
extension(which is self-adjoint, sef35]) of the original op- -, which incorporates all isolated pointsof o, with a finite
eratorl+Kl|cx(c) mediated via the graph scalar product. As number of corresponding eigenfunctioffg}. The continu-
a result, if the domairG has boundariesG with Dirichlet ~ 0Ous spectrumo, may also be divided into two parts, the
boundary conditions, these boundary conditions are alread§osolute continuous spectruim,,, whered&(\)/d\ exists
incorporated into the domain of definition of the operatrs 25 & weakly integrable operator, and the remaining singular
andK, i.e. continuous spectrunr.
To provide some physical insight into these abstract quan-
— tities we shall investigate the spectrum for a few examples.
¢ = Def(K) C Def(D) — ¢(9G) =0. 23 The discrete spectrugzd describ?es localized states, sucr? as
) . bound states or states of a field confined in a finite volume.
To incorporate Neumann boundary conditions one has tehe point spectrumr, may contain more points with addi-
start with an operator likeu()' —dju' and to proceed in the (iona| characteristics. E.g., if the operaférgoverns the dy-
same way. _ - _ namics of the Maxwell fieldA, there is an infinite set of
As mentioned in Sec. Il, additional potential terms do notgjgenfunctions at the point=0. These functions correspond
alter the main conclusions. If we assume the scalar curvaturgihe gauge invariance of this theory and do not change
to be a bounded-m?<R<Ryax and smoothR € C*(G) physical quantities. The absolute continuous specteym

function we may introduce a new operator via represents usually the scattering states, but the singular con-
tinuous spectrunvg, may be related to more strange phe-
B:L,(G,g%)—L,(G,g%) nomena, like quasi-bound states, scattering states in average,
fractal measureu,, (cf. Sec. Il D below, chaotic behavior,
d(r)—(M?+R)(r). (24)  etc.
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Fortunately, for smooth and regular coefficiegfs, with E. Canonical quantization
an appropriate asymptotic behavior the spectrum of the Starting with the diagonal Lagrange function in Eg1)

K-operator is either purely discretg(K’)=oy (for a finite \ye are aple to perform the canonical quantization procedure
volume or absolute continuous (K) = o (for an infinite by imposing the usual equal time commutation relations

volume, see e.d.34]).
[{ulQ(O}, {P(D[v},]=i{ulv},,
D. Spectral theorem R R R R
For our main intention, the diagonalisation of the La-HulQD}, AQ(W) v}, 1=[{u[P(1)}, {P(D[v},]=0, -
grange function, it is suitable to make use of the following (32)
theorem: For every self-adjoint operatracting on a sepa- \hich hold for all|u}, and|v}, . In this representation the

which diagonalizes it kK4 "= M. M denotes the multipli- |P},=|dQ/dt}, .

cation by argument.(f)(A)=\f(1). Becausel is C-real, Because of the isometry of the transformatibnthese
l.e. (K¢p)* =K(¢*), we may construct a quasi-unitary trans- commutation relations are completely equivalent to the cor-

formation responding relations for the field. For a static metric the
) def inner product is related to the scalar product via
V:(N )3|—2(Ga900)ﬂ@Lz(U(’C),M;):Lz(‘T’V): o -
I v “ (W) =i{y| g}~ {dl b}s. (33
(29

As a consequence, the relations above are indeed identical to

which is C-real (V¢)* =V (¢*) and does also diagonalize the commutators of the fields

the operatokV =M. A _
Accordingly, the Hilbert spacé ,(o,V) is restricted to [(YP).(P[$)]=(y]¢).
real numbers and the associated scalar product reads

(39

The Hamiltonian splits up into an infinite set of commuting
parts describing harmonic oscillators that are appropriate for

{U|v},,={VTU|VTU}1=z f (K)dﬂm(?\)up()\)vp(?\) a particle definition
v ol 1 1 . )
» A= {PIB), +5{QIMIO),=5X (PR +u?0)).
:i urvr. (30) r
7 (35
Becausel,(o,)) is a real Hilbert space ovek, the usual In terms of the creatorgA'} and annihilators
complex conjugation of the first argument in the scalar prod- 1
uct disappears. Al= = (MM4Q(t=0)} +iM H4P(t=0)}) (36)
For a discrete spectrum(XC) = o4 the measurelu,,(\) \/E
denotes simply a sum and for an absolute continuous spec- o .
trum o(K) =0, an elementary integral possibly together & Hamiltonian can be cast into the form
with a g-summation, cf. Eq(30). For example, the -sum 1 1
may describe the angular quantum numbers for the Laplacian A= —{AT|M 1’2|A}0+—{A|M 1/2|AT}U
in spherical coordinategg=1,m. Both, thep-summation and 2 2
the integration with the measudiu,(\) are now abbrevi- OF wvn o n
ated by the index'. =$ 7(A}AF+AFA}). (37)

Performing the transformation of the fieltQ},=)|®}, -
the Lagrange function can be diagonalized
For a discrete spectrumx(K) = o4 this already defines the
1 . . 1 1 _2 - physical particles because we have now creation and annihi-
L= §{Q|Q}a_§{Q|M|Q}o:§$ (Qr— @i Qp), lation operatordA. and A that diagonalize the Hamiltonian
r - (which is also the energy operator
(31) For a continuous spectrum(X) = o the quantitiesPr-,
et _ _ _ Qr, Ar andA] are not well-defined operators but operator-
with (.L.)F:)\FEO'(’C)QJR+ which will be called eigenfre- 5jued distributions because
guencies.
One should note t_hat th¢Q}, still .depend on time [Qr(1),PA(H)]=i8(T,A), (39
|Q()},, only the spatial dependence is transformediby
Owing to the reality of the transformation the amplitudes which is a Diracé-distribution for continuous indiceE, A.
Qr(t) are real as well. But a product of two distributions acting on the same linear
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space (e.g. the Schwartz-Sobolev spac&, for the  This definition is independent of the special choice of the
s-distribution, i.e. with the same indexX’, is not well- ~ basis|b},. To prove this statement, we use the complete-
defined. This reflects the infinite-volume divergence in quanness of the basigh,}, to obtain the following result:

tum field theory. Consequently, the Hamiltonian in E@@5H)

and (37) is not well-defined. It may only be viewed as a Y|, {A|},]0)=0. (43
formal expression until an appropriate regularisation method
has been applied. If we regularize the formal expression for the Hamiltonian in
Eqg. (37) via insertion of a complete basji principle to-
F. Vacuum definition gether with a convergence factor, expg) for instancé
In order to get rid of the singularities discussed above and 1 . .
to obtain well-defined operatoss we introduce a complete H=5 2| {M YA by} {by| M A},
orthonormal and real basjb,}, with | e N of the separable
Hilbert spacel,(o,V) and define +{M 1/4A|b|}g{b,|M 1/4AT}U)
R def R
a,={A|b|}(,. (39) :EI {AT|M 1/4b|}0'{M 1/4bI|A}a
For a discrete spectrura(K)=o04 we may choosé,(I")
= o, which leads us back to the operatafkﬁ. For a con- +E 114y 11y, 44
tinuous spectrunar () = o this coincidence does not hold. Z{M M| (44)

Due to{b,|b;},= &, with a Kroneckers, the a, are well-
defined operators witja,,a}]=48,, instead of operator-

valued distributions with A, Al 1= 8(I",A). Unfortunately, : ! s
defined vacuum is the ground state of all operakrs, and

for a continuous spectrumr(X) = o the operators, are in this regard also the ground state of the Hamiltonian.

now well-defined, but do naxactlydiagonalize the Hamil- :
. . Hence, the divergent amount 6fnumber terms represents
tonian. But—as we shall see later in Sec. Il G—one may, . o - i
the zero-point energy. The infinite summation over the index

choose an appropriate bais},, for which the operators, | ¢orresponds to the sum over arbitrary high frequencies
approximatelydiagonalize the Hamiltonian. and—for a continuous spectrum—the summation of an infi-

dlfhe corresponding number operators take the usual forfjite number of basis elements for a given frequency interval.

nlzaral_ The Fock Spac@’ which contains all pure states The first |nf|n|ty, the infinite energy divergence, is always

| of the quantum field> is nowdefinedas the completion present ir_1 quantum field theory a_nd the latter, the infinite
of the linear hull of the proper eigenvectors of these Com_volume dlvgrgence,. only for.non-d|screte spectra,

. 5 for all indices| & N In the Minkowski space-time the above defined vacuum
muting operators, for all indicesl coincides (of course with the usual Minkowski vacuum

|0)=|0y). In the Schwarzschild space-time this state—

it appears as a divergent sum of some non-negative operators
of the structureX[X, and remaining_-numbers. The above

def

= ind1WY-V, A W) = [P 40 which is the ground state of the Hamiltonian—is called the
§ (¥ ) = [)m 40 Boulware[5] state|0)=|Vg).
As a consequence, the spectrum of the operaftpn'ﬂ this The particle definition presented above can be reproduced

. . AL . utilizing the well-known approach based on the inner prod-

Fock space is a pure point spectrunin,)=oy,. V.V|th. the uct: The basis elementb,}, of the Hilbert space.,(o,))

same arguments as already used for the quantization of the : .
are normalized and therefore correspond to functieigs)

harmonicA oscillator the commutation relatio[rﬁi ,é§]= O3 via |e,};=V1|b,}, which are also normalizefe|e;};= 4,
imply o(n;)=N. It should be mentioned here that this defi- and build up a basis of the Hilbert spatg(G,g%). As a
nition of the Fock space is slightly different to the fre-  5nsequence, the operatarscorrespond to localized wave-
quently employed approach based on the one-particle H'lbeBacketle,(t)}l which are defined as follows:
spacef=L5(G,g%) (see e.g[6,34,7,14,1%

Fi(t)}=(4K) " Yexp —iKY2%) e ). 45
§=COHE(98N)aymn® (950G M)y~ (41) FOh=@0 Tesic Tk 49

Nevertheless, these distinct definitions are related if one di'_l'hese quzantltles are solutions of the Klein-Fock-Gordon

vides the Fock space in E¢40) into orthogonal subspaces €duationdg|F };=—K|F}; and normalized with respect to

labeled by different values of the total number of particlesth® inner product
def

Niota= 2Ny € N. (FIIF)=—(F|F%)=08,, (FF|Fy)=(F|F%)=0.
Accordingly, the vacuum is defined as the eigenvector of s (1P Y 1P L (46)
all commuting operatoré, with eigenvalue zero
R A Comparison with the particle definition via the inner product
V,:n|0)=0, i.e., a]0)=0. (42)  verifies indeed the identification
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a,=(F|®). 4 iy ("
a=(F ) 47 im '%( — Ny (). (52

The functions=; andF| form a complete set of solutions of

the Klein-Fock-Gordon equation. Hence, the fiéidnay be

expanded via Accordingly, also the operator-valued distributioAs may

be considered as a singular limiting case of the regular op-

. N R eratorsa’,
d=> aF+alFr, (48) '
|

anm

which demonstrates again the equivalence of the approaches. "TS /s =NimAr . (53

G. Eigenfuncti . L .
'‘gentunciions The divergent factor 4/ indicates the singular character of

For a point spectruno, there exist proper eigenfunctions the generalized eigenfunctiofs.g. plane wavesn contrast
frel,(G,9%) with K|fr}y=w?|fr}4, but for a continuous to the regular basis elementwave packets Of course, in
spectrumor, this is of course not the case. Nevertheless, it igealistic experiments one never deals with plane waves, but
in many cases possible to find an analogue. If pointwise dewave packets. On the other hand, the calculations with plane
fined functionsf-(r) (or, more generally, locally integrable waves are usually much simpler. Hence, in the following we
functionsf- e L' exist such that shall perform our evaluations with eigenfunctions always

bearing in mind their character as a singular limiting case of
ot =X o[ o (49 ~ regularobjects
r

H. Continuum normalization

holds for all ¢ = C5(G) and { Cq(o) the functionsfr(r) To investigate the physical consequences caused by the
are called(generalizefl eigenfunctions of théC-operator. In singular behavior of the product of two distributiofg-
contrast to the proper of) eigenfunctions with fy =AlA —expressed by the factoreb—we consider a quan-

e Def(K)CL(G,g™) th? generalized ) eigenfunctions tumrfierld confined in a finite volum¥ and study the limiting

do not belong to the Hilbert spadg ¢ L,(G,g%°) and (of caseV . This limit may be interpreted as the transition
coursg also not to the domain of definition of thé-operator fas Hd.‘ tls m t y % '_ rptr ast. € transit

4 Deit). However, e W~ MV also e genera. o) 2 B (07 0 8 contuos o

. . . : o : =0. -

ized eigenfunctions fulfil the pointwise or loc@eneralizey I' correspond, for example, to discrete wave numibers

eigenvalue equatioliocafr(r) = rfr(r). This is a very im {he continuum limitV—c> the k-sum transforms into an in-
portant relation for the calculation of these eigenfunctions. | 3,
tegral overd®k via

the (generalizedl eigenfunctions exist, the transformation of
the fields|®},=V"|Q}, can be described by the pointwise
or local identity Ek —>/\/’VVJ d3k. (54)

‘D(f,t)=$ Qr(t)fr(r). (50 A4 denotes a normalization factor which depends on the
r imposed boundary conditiori®irichlet, Neumann, periodic,
etc) and the shape of the domai. The Kroneckers,
Even though the generalized eigenfunctions are not ionverts into a Dirag®(k—k’) in an analogue Way
L2(G,9%), they may be thought as(aingula) limiting case  af\/ s, ., — 6%(k—k'). Ergo, the singularitys®(k—k) dis-
of L,(G,g%)-functions: In the following considerations we plays ‘the infinite-volume divergences(k,k) = 53(k—k)

assumalu(N)=d\ ando=R for reasons of simplicity. The = A7, v. Recalling the formal expression for the Hamiltonian
L,(o,V)-basis functionsh,(\) can be squeezed and trans-j, Eq. (37)

lated bf(r)()\)=b,()\/s—)\rle)/\/§ and are still a basis of

L,(o,V). Evaluating the(singulay limiting case of these . 1
squeezed basis functions H=$ wF(A}AFnLE(S(F,F))
r
blry(N) bi(Ae T—Ape ™)
lim =lim = O(N—N\r), ~ o7
to e wo  ® 20 r) - [orfte+ 2o, 55
(52 r

where V) denotes some normalization factor, we observeye observe that—in addition to the mode summation and/or
that every generalized eigenfunctibp(r) can be locally ap-  integration—its indefinite character exactly exhibits this di-
proximated by appropriately chosen wave pacl{ef%)}l vergence. Indeed, if one examines the continuum limit of the
=Vbi )} o Hamiltonian
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o1 5 purely absolute continuous spectruniC)=o,=R.. The

k+§ (k=k) |[K], unitary transformatiord/ (see Sec. lll D is simply the one-
(56) dimensional Fourier transformatidi= F. The quasiunitary
transformation)’ takes the real and imaginary parts sepa-

the limiting number “operator”N§ can be identified via rately leading to the generalized eigenfunctionsasirand

NyVNI—NE. The singular character of this formal expres- COSwx. Hence, the expansion of the fieldl takes the follow-

sion may be exemplified with the following consideration: If ing form:

the state of the quantum field corresponds to thermal equi-

librium at a temperaturé’>0, the expectation value of the &)(X’t):i Qw C(t)cos{wx)JrQw JU)sin(wx)

number operatolNﬂ equals the Bose-Einstein distribution for ' '

arbitrary large but finite volume¥. For an infinite volume ¢

the expectation value of the quantilijﬁ diverges owing to

o=,
k

g 1 .
NE-+ §)|k|—>H°=j dk

» dw . .
the factor\V, V. The expectation values of the regular opera- =N, f \/:(Alvce' “tcog wX)
tors ﬁ| are (of course still finite and behave as the Bose- 0 V2w
Emstem distribution evaluated at some averaged frequency +Alvseiwtsin(wx)+H_C_), (59)
| .

) o with a normalization factorV,, depending on the explicit
I. Bogoliubov coefficients form of the measuredu(w?), e.g. du(w?)=dw or
So far we have considered static space-times and devetiu(w?) =dw/2m etc. The spectrum of thi-operator dis-
oped an appropriate particle definition. If we now drop thecussed above is twice degenerated, i.e. there are two inde-
restriction to stationary metrics and take dynamical spacependent generalized eigenfunctions (sinand coswx) for
times into account, the question concerning particle creatiogvery pointx = w? of the spectrunw. This degeneracy of the
arises. A variation of the metrig,,, induces a change of the spectrum allows for the definition of particles with a definite
KC-operator and—possibly—the corresponding Hilbert spacélirection of propagation: With a simple linear transformation
L,(G,g%). A function, which belongs initially to We may rearrange the expansion of the field
L2(Gi”,gﬁ1°) may be latefe.qg. if a horizon has formecahot in
L,(G°g%) but a distribution with respect to the 3 » do
L,(G° g% -scalar product. As a consequence, it is not(b(x’t)_Nf‘f0 \/T_w
clear whether the Bogoliubov coefficierisee e.g.[24]—
[31]) describing the particle creation X (Al elettioxp AT glotmioxp e (60)

— * ~ ~ ~ ~
Au=(FTIFy 7 The new introduced quantities, ., A, _, Al , andAl
exists for allF, e L,(G™ g% andF, e L,(G°*g%) or not. obey the same commutation relations as the original ones

However,C3-functions belong to the domain of definition of Au,c: A, s, Al, c andAl, . Thus they also describe particles.
all (tempered distributions. Thus forF["e C;(G™) and [N contrast to the original particles which correspond to
FO"e CZ(G®) the Bogoliubov coefficients always exist standing waves W|th different phases (quand COS{)X) the
provided the metric can be cast into an analytic form. similaf’€W Particles describe left-moving and right-moving waves
to the previous sections all other quantitiesy. generalized 2according to _e)_(F_]t""X)' ThfeseAcompIex functions are suit-
eigensolutionshave to be approximated witB-functions. able for a definition of particled; but do not correspond to
Hermitian amplitude€); .
IV. ELAT SPACE-TIME EXAMPLES As a second example we study the situation of a bounded
_ _ ) ) domain G=(0<x<®) in a 1+1 dimensional Minkowski
_ _In the previous section we have d_erlved a canon_lcal def'Space-time with a Dirichlet boundary conditi¢a mirron at
myon of pqmcles for curved.space—nmes WhICh satisfy Cerx—0. Even thoughC seems to have the same form as in Eq.
tain conditions. In the following we are going to apply this (5g) jt denotes a different operator as a result of the boundary
approach to the most simple example of a flat space-time iggndition. With the same arguments the spectrum is purely
order to achieve a deeper insight into the physical consespsolute continuous= o= R . In contrast with the pre-

quences of the used mathematical theorems. _ vious example this spectrum is not degenerated. Every point
For the ynboundezd (&21)—d|men5|onal Minkowski  \ = )2 of o corresponds to exactlgne generalized eigen-
space-time withds®=dt*—dx* the K-operator reads function, i.e. sinux. As a consequence, the definition of par-
) ticles with a certain directioifleft-moving or right-moving
C=— ‘3_ (58) is not possible. This result is physical reasonable if one takes
ax2’ conservation laws into account. Every left-moving compo-

nent will be reflected by the mirror at=0 after some period
together with the domaiG = (—«<x<®). The infinite vol-  of time and turns its direction into right-moving and vice
ume of this domain and the regularity of the metric cause aersa.
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A finite domainG=(0<x<L) in a (1+1)-dimensional Minkowski space-time. Functions like expiwr)/r are not
Minkowski space-time with Dirichlet boundary conditions at eigenfunctions of the Laplacian and thereforat solutions
x=0 andx=L of course possesses a purely discrete specf the wave equation
trum o= a4 with proper eigenfunctions- sin(N=7x/L). The
insertion of mirrors represented by Dirichlet boundary con- expliwt=iwr)
ditions usually lowers the “density” of the spectrum i.e. D%
the number of eigenfunctions.

=—47e''53(r)#0. (64)

Expanding the fieldb into functions that do not satisfy the
A. Ingoing and outgoing particles equation of motionCJ®=0 would abandon the indepen-
Now we shall extend our investigations to the dence of the distinct particles. Functions like expr)/r
(3+1)-dimensional Minkowski space-time described by dif- correspond to the resolven(w?*ie) of the operatorC
ferent coordinate systems. Using spherical coordinateemembero(K)CR]. Particles are defined with respect to
r,9,¢ it will turn out that the definition of ingoing or out- the eigenfunctions which are representations of the spectral
going particles isiot possible within the canonical approach. family £ of the operatorC. Into this spectral family¢ the
This is a consequence of the spectral properties of the opergesolvents themselves do not enter, but linear combinations

tor of them:R(A—ie) —R(N+ie)—E(N) which again leads to
Sin(wr)/r = wj—o(wr).
) 52 The impossibility of defining radial ingoing and outgoing
K=-V=- ﬁ (61) particles is not restricted to the Minkowski space-time, this

holds also for arbitrary spherically symmetric metrics

together with the domairG=R3. Expressed by Cartesian
coordinates = (x,y,z)" the generalized eigenfunctions take
the simple form sirr) and coskr) with |k|=w. As it is

ds?=goy(r)dt?+gq4(r)dr2+r2dQ?, (65)

provided that the coefficients of the metdg, and g4, are

; i 3
well known these functions form a complete basis (k). gmooth and analytic functions. Such functions can be Taylor
Employing spherical coordinates, d,¢ the Cartesian expanded

eigenfunctions can be expanded with the aid of the equality
2

r
. =0oo(0) +7gg(0) 5 +O(r?), 66
explikn=23, i'(21+1)j(wn)Pi(cost), (62 9odT) =80 0 Gl 0) 5+ AT (69

where g4o(0) and g;;(0) have to vanish for smoothness.

with kr=wr cosé and the Legendre polynomialy . By in-  After the separation of the angular variables with,(9, ¢)
spection we recognize the following fact: For a given angulathe radial dependence of the eigenfunctions is governed by a
behavior the spherical Bessel functiopnéwr) are already  second-order ordinary differential equationrinProvided its
complete to describe the radial dependence. The Neumarefficients are smooth and regular the solutions of such an
n(wr) or Hankel functionsh;” (wr) are not required and equation are uniquely determined by the first trmon-
would be “over-complete.” Therefore they do not describe vanishing terms of their Laurent expansion. For the evalua-
additional degrees of freedom and do not enter the particlon of these initial data only the terntg,y(0), 96(0)=0,
definition. This result can also be derived by considering thgy,,(0) andg;},(0)=0 are of relevance. For that purpose the
spectrum of theC-operator. Due to the singular behavior of ragjal part of the metric can be approximated bg?
the fgnctionm|(wr) andh;" (wr) atr =0 they are not eigen- =goo(0)dt2+g,,(0)dr2. Ergo the behavior of the corre-
functions. _ _ _ sponding eigenfunctions [sip to a simple scale transforma-

To acquire real eigenfunctions v(}/eef have to introduce redetion with go,(0) andg;,(0) respectively asymptotically ¢
fined spherical harmonic%ﬁm(ﬂ,qo):/\f,P{“(cosﬁ)cos(ngo) —0) the same as in the Minkowski space-time. Conse-

de " ) quently, also in these more general spherically symmetric
for m=0 and Yim(9,¢) =N P"(cosd)sin(me) for m<0.  metrics there exists exactlpne eigenfunction for given

P" denote the associated Legendre polynomials.&hdre 4, |, m which forbids the definition of radial ingoing and out-
normalization factors. Accordingly, the complete set of realgoing particles.

and orthogonal eigenfunctions reads In view of conservation law arguments the nonexistence
, of ingoing and outgoing particles in regular space-times ap-
foim(r, 3, @) =Nyiji(or) Vim(,¢). (63 pears very plausible: Every ingoing component will bounce

off at the origin after some period of time and eventually turn

Again w rve th rren f ex igenfunc- . . .
ga e observe the occurrence of exadilye eigenfunc into outgoing and vice versa.

tion f, per eigenfrequencw for a fixed angular depen-
dencel,m. The regularity at =0 plays the role of an effec-
tive boundary condition and forbids the existence of
additional eigenfunctions such ag(wr) or h;"(wr). As a As stated in Sec. Il A the particle interpretation crucially
consequence, within the canonical approach itaspossible  depends on the selection of a particular time-like Killing
to define radial ingoing or outgoing particles in the vector. In the following we shall consider an example where

B. Rindler metric
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this dependence will become more evident. In the previouselationship of these two approaches arises. Evaluating the
treatments we focused on the Killing vector mediating theexpectation value of the number of Rindler particles in the
Minkowski time translation symmetry. Of course this Killing Minkowski vacuum one obtains a thermal distribution func-
field corresponds to usual observers at rest. But there exisibn, a consequence of the Unr[4] effect. This effect dem-
further time-like Killing vectors in the Minkowski space- onstrates manifestly that different observers may obey dis-
time—associated with special Lorentz boosts—which resultinct particle interpretations. In consequence the vacuum
in a deviating particle interpretation. may depend on the particular Killing vector.

Starting with the (3 1)-dimensional Minkowski metric One way(see alsd31]) to calculate the expectation val-
ds?’=dt?>—dx? and performing the coordinate transforma- ues explicitly is based on the Bogoliubov coefficients
tion

t=p sinhkr, ﬁmzif ds#Fito FR. (70)

X=p coshk, 67 The generalized Minkowski eigenfunctions are labeled by

one arrives at the Rindler metrits®= x2p2d7?—dp?. The ['=(& )

guantity « is called the surface gravity, see e[@8]. For o= iot)
fixed p the transformation describes an accelerated motion. Moy M _ o SR TIO x

. . : ) . Fr(x)=F X,t) =Ny ————=——¢€'%"%, 71
With respect to the new time coordinatehe Rindler metric FO=F XD =My Jo 7y
is static and thus allows for a particle definition according to
Sec. Ill. These particles may be interpreted as those seen Ryhere ¢=+1 distinguishes the left-moving and right-
an accelerated observer. The correspondiRgperator can  moving particles. {}, denotes a normalization factpin

be cast into the form analogy the generalized Rindler eigenfunctions read
K=—K2pipi (69) FROO=ER,  (pr)= AL exr(—iw'T)( i€
(7 (? ! X = ’ ! ,T = K @ K‘
p P AL (&, w") p R \/? p
with G=(0<p<wx). The surface tern{see Sec. )l at p (72)

=0 vanishes without imposing any condition on the fiéld ) .

due to V—g=kp=0 at p=0. Indeed, the Rindler metric With the choice for the surfac(:)ﬁ=gg=0,0<p<oo} the sur-
possesses a horizon there. Since the occurrence of this hoffCe element takes the ford:"=g™\—gdp=dp/(xp). At
zon depends on the choice of the coordinates and thereby dfis surface the Minkowski coordinates are simply given by
the observer, it is a particle horizofwith respect to all t=0. X=p and the derivative transforms according 4o
world-lines p=const) but not an evertor apparent, etg. = Kpd. Putting all this together, the-coefficient trans-
horizon, see Sec. Il A ani®7,33. For further investigations fOrms into

it is convenient to introduce the tortoise coordinagig

=In(xp)/x. In terms of this coordinate the metric readis’ Y =dp o' —kpo . Jie'w'ix
=e?*Px(d7?—dp2) resulting in the operator Bewi(e o) =Nur I (xp :
(73
32
IC=—(9p2, €9 This integral involves generalized eigenfunctiofmorre-
*

sponding toA;) and has to be understood in a distributional

with G=(—»<p, <). As a consequence, the spectrum issense. For well-defined expressidssch asa;) we have to
twice degenerated and the corresponding eigenfunctions re@ssert a convergence factor, for instancep)*exp(—e«xp).
sin(wp,) and cospp,) or exp(+iwp, ), respectively. Return- The existence of the limit |0 confirms the possibility of
ing to the coordinatep the eigenfunctions behave as approximating the singular eigenfunctions by regular quanti-
exp(=i o In(kp)/k)=(kp)='“/*. Even though the domain is ties. After this procedure we may make use of the formula
boundedG = (0<p<) there are two eigenfunctions per ei- [36]
genvalue which allows for the definition of left-moving and
right-moving particles. This indicates the absence of real P Wzl g
boundary conditions on the fiel# at the horizonp=0. In f due ™u* " =wT(2), (74)
this regard the horizon is the opposite of a mirror. Even for a

finite domainG=(0<p<L) the spectrum of thé&-operator
is still continuous due to the horizoG=(—~<p,<L,).

0

which holds fori(w) >0 andi(z)>0, and we arrive at

1+¢¢ Jo'
C. Unruh effect B(g,w);(g’,w'):NMR P ?1—‘“5 w /K)
After having performed a particle definition for the o
Minkowski and the Rindler observer, the question about the X(—ifolk+e) 180 (75)
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Calculating the remaining Bogoliubov coefficient  Inserting Eq.(76) and considering the singular coinci-
Q(¢0):(¢,0') ONE gets nearly the same expression but with alenceA =Y it follows that

positive sign in front of the terméw/ . Therefore both co-

efficients merely contribute for particles moving in the same N.. :<0M|NR/ N i 1Beeun-cer o2
“direction” B(suyi(er,0)~ Ok,er+ TESPECHVENY, (s u): (7 w1) (&0 (€0) (Ga)i(e"e)

~ 8¢ . Now it is possible to compare both quantities. As (&)

said before, the only difference betweerand g is the sign

in front of the termw/ k. Dividing the two coefficients all _ S, ) _ MV _
other terms cancel and the convergence fastdetermines exp2mw'lk)—1 exp2rw'lk)—1
the side of the branch cut of the logarithm in the complex (82

plane. Hence we find
In the last step we have used the results of Sec. Ill H. Re-

calling the argumentation made there we come to the con-
clusion that the divergence &fr is necessanfor a thermal
behavior.

An alternative way to obtain this important result is based on  The same calculation can be performed with well-defined

the analytic continuation into the complex plane. For thaty,q atorq corresponding to localized wave packets. For an
purpose we define slightly modified Bogoliubov Coeﬁ'c'emsappropriately chosen bagig(r) the coefficientss, , are up to

via normalization factors approximately the same as fig
. evaluated above. But in this case the results ay)
B (@0 )=Voo B vy o) (77 =3,|B,,|? are finite owing tos;, = 1. Another explanation is
the fact, that the3,; for arbitrary frequencies do not co-
and in analogy thev-coefficient. In view of Eqs(70)—(73)  incide with the Br, (due to the localized character of the

the modified Bogoliubov coefficients can be analytically wave packetswhich makes thew,-summation finite. One

Continued to the Comp|ew_p|ane Where the relation Way to perform technica”y such a calculation inVOlVing lo-
calized quantities is to insert a convergence factor with a

c , c . finite & similar to the comment after Eq473). Accordingly
app(0,0)=p;p(-0,0") (78 this finitee enters the3-coefficients and causes a finite result
of the w,-summation and thereby a finite number of created
holds. Inserting this equality into Eq75) reproduces Eq. particles as well. Omitting the corresponding normalization
(76). In order to evaluate the absolute value squared of théactor the infinite volume divergence can be restored in the
B-coefficient we may utilize the identit)36] limit £0.

B(f/yw);(gr’wr)zexq_Ww,/K)a(gr'w);(gr‘wr) . (76)

D. KMS condition

From a strictly axiomatic point of view the divergent re-
sult in Eg. (82) in the last section may not be completely
convincing. However, it is possible to show more rigorously
that the Minkowski vacuum indeed behaves as a thermal
state when analyzed by a Rindler observer. This can be done
by employing the Kubo-Martin-SchwingéKMS) condition
[37,35. A KMS state (-); is defined as a time-
translationally invariant state which satisfies the following

I'or'(-z=-

zsinmwz (79)

to obtain the final result

877./\/’%/":% 5§’§/
Ko  exp27w'lk)—1

2__
| Bie.wyier.on|*= (80)

. - . . ) condition:
In view of the remainingw-integration the number of Rin-
dler particles in the Minkowski vacuum diverges. This result (OOVA)) =)0 +i/T))y (83
can also be re-derived using the well-known unitarity rela-
tion for all observables) andV and some temperatufe It can

be shown that if théirreducible algebra of observables pos-

. . sesses a well-defined matrix-representation then the KMS
i ajrayp— BarByr=o(A,Y), (81)  state corresponds to the usual canonical ensemble
r
~ | exp(—HIT)
wherel” symbolizes the Minkowski index. This equality re- (Upr=Tr U Z ' (84

flects the completeness of the Minkowski solutions. Special

care is required concerning the derivation of an analogu®ne might wonder at the fact that the Minkowski vacuum,

expression involving the Rindler functions since these solui.e. a pure state, displays thermal features—usually con-
tions are restricted to the Rindler wedge and thereby they aneected with mixed states. This can be explained by the
not complete in the full Minkowski space-time. thermo-field formalism, see e.[39]. That is, a pure state of
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a quantum system transforms into a mixed state after avet;r,J,¢ for which the black hole metric reads
aging over a subsystem owing to the correlations between
the different subsystems. As a result of the particle horizon at
p=0 the Rindler observer is causally separated from a part
of the Minkowski space-time and does therefore indeed re-
gard the Minkowski vacuum as a mixed state. Other coordinates, e.g. Kruskal, Eddington-Finkelstein, etc.
To show that the Minkowski vacuum displays the tem-are not suitable for the above reasons. As the Schwarzschild
perature T=«/(2m) we consider the corresponding two- coordinates measure time and length scales with respect to
point Wightman[41] function. The Wightman axiomgn an observer at fixed spatial distance to the black hole all
particular the spectral conditipnimply that this bi-  results obtained later refer to this observer.
distribution can be considered as the boundary value of an In order to describe @non-extremg black hole with a
analytic function. Hence we may restrict to the space-likehorizon atr=R and a surface gravitx>0 the functionh
region for reasons of simplicity where the two-point function obeys the propertiesee e.g[28])
assumes the form

2

ds’=h(r)dt?>— %— r2d9?—r2sidde?.  (87)

1
L (2m) 2 h(R)=0, K=§h’(R) (88)
WX, X") =(PX)P(x") =~ ——— (85
(x=x') and alsoh(r>R)>0 together withh(r—)=1. With the
for 3+1 dimensions. In +1 dimensions it behaves as aid of this functionh it is possible to consider the rather
In[(x—x')?] which does not alter the following consider- 9eneral case of a static black hole, for example the Schwar-
ations. Since for a free field af-point functions can be 2zschild metric withh=1—R/r.
derived from this 2-point function it contains all information ~ Using these coordinates the canonical conjugate momenta
about the theory. turn out to bell=¢g,®/h. In terms of these momenta the
Now we may consider the two-point function in terms of formal expression for the Hamiltonian density can be cast
Rindler coordinates. Thigx-contribution to the geodesic dis- into the following form:
tance transforms according to E&7) into

~ h.. h . 1 . .
(t—t")2—(x—x")2=2pp'cosi k[ 7— 7'])— p>—p'2. H= 517+ 5 (0, P) 2+ (9yP)*+ (9,9)2.
(86) 2 2 2r

(89

2r2sintd

As a result the two-point function is periodic along the R R

imaginary Rindler time axis and thus satisfies the KMS con-The fields ®(r,t) as well as their momentdl(r,t) are

dition for the temperaturd = «/(2). This result confirms operator-valued distributiongsee also Sec. Il Conse-

the considerations in the previous section and justifies thquently, the Hamiltonian density above is not well-defined.

identification of the UV-divergence occurring there with the In analogy to Sec. Il E it may only be considered as a for-

infinite volume divergence of the Rindler space. mal expression until an appropriate regularization method,

It can be shown quite generally that only the KMS statefor instance the point-splitting techniguisee e.g[10]), has

corresponding to the temperatuiie= «/(27) satisfies the been applied.

g?‘%ﬁ‘mard[‘lo] (_:or;(ditichjn_(local _sta}bility ";1 thﬁ c_ogmlete It is possible to split up the Hamiltonia of the field ®
indler space-timgand in particular at the horizgnsee . N ~ R

[13]. The Hadamard requirement demands the singularity O%nto two partsH TH>+H< that account for the |nter|(.j1=|<

the two-point function (12 and Ins?) to be independent of and the exterioH-. region of the black hole, respectively,

the state, i.e. it is only determined by the structure of the

space-time, see al$&7,23,25,3]. This property ensures the Ho= f d*rO(r—R),

validity of the point-splitting renormalization technique, cf.

[10]. As it will become more evident in Sec. V A, an ana-

logue idea can be employed to derive the Hawking effect. |:|<:f d3rHO(R-r1) (90)

V. BLACK HOLES with the Heaviside step functio® and the volume element

In this section we are going to apply the formalism pre-d°r=+—gd®x=r?sin9drddde. Employing the equal time
sented in Sec. Ill to one of the most fascinating curvedcommutation relations
space-time structures, the black hole. Various coordinate sys-

tems which represent this object are known. For our purpose [D(r,0),D(r' ) ]=[TI(r,1),[1(r" ,t)]=0;
we have to demand a static metric with a time coordirtate A .
corresponding to a Killing vector. Because the black hole [D(r,t),II(r",t)]=i8%(r—r1"), (91

space-time becomes asymptotically flat, another requirement

is the coincidence of this time coordinatevith the usual wheret denotes the Schwarzschild time and represents a
Minkowski time of an observer at spatial infinity. All these Killing vector, one observes that the two parts of the Hamil-
requisites are satisfied by the Schwarzschild coordinate®nian commute:
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[H-,A_]=0. (92) ments it is sufficient to cover the region outside the horizon
by the new coordinate. The functitmand the original radial
In the language of point-splitting, df10] and the remarks in variabler have to be considered as functions of the intro-
Sec. IV D, the divergent terms of the Hamiltonian densityduced coordinater =r(r,) andh=h(r,)=h(r[r,]). The
are independent of the state and therefore pureimbers tortoise coordinate has the advantage of a very simple form
which do not contribute to the commutator. The remainingof the K-operator
(convergent operator-valued components commute because
of h(r=R)=0. The same result can be obtained by means of 19 ,9 ) 92
normal ordering or the regularization described in E&). (2ar, r E_hvwz N m_z+O(X)- (96)
Due toh(r =R)=0 theK-operator and the operators project-
ing onto the inter@or, respectively, ext_erior dom_ain_ commute yogether withG={r, e R}. The generalized eigenfunctions
Heng:e it is .possmle to select a basisfor the |n_S|de_ and F?H()_() of this operator behave)(y)-approximately as
outside region separately such that the Hamiltonian posgy i, ) and after the separation of the angular variables
sesses no mixing terms. NN . they can be written as follows:
Accordingly, the separationl=H. +H_ represents two

independent systems. This fact displays one advantage of te™(x)=F25 (t,x,9,¢)
Schwarzschild coordinates because thisra horizon atr
=R. The consistency with the results of Sec. Il A can be . ol (26
demonstrated if one considers the spatial surface term =Nai wx.g 129 Yim(9,0) 1+ O(x)). 97
dSg'i=d?x\—gn,gi =ddder?sindg™ which indeed van-
ishes forr=R. As a consequence, it is impossible to trans- A8 symbolizes a normalization factor which may without
port matter(energy or informatiopacross the horizon, noth- gny |oss of generality chosen to be independeng.dFhese
ing can come out or fall into the black hole. Of course, thiSgjgenfunctions are rapidly oscillating near the horizon.
holds only for a fixed metric, i.e. if one neglects the back By inspection, we recognize the occurrence of two gener-
reaction. Without this restriction it is possible that the hori- 5jized eigenfunctions for a given frequeneyand fixed an-
zon increases due to the in-falling matter, and swallows it. lyular dependenceé,m distinguished byé=+1. Thus the
should be emphasized again that all of our assertions refer @efinition of ingoing and outgoing particles is possible in this
an observer at a fixed spatial distance to the black hole anghse [1t should be mentioned that potential scattering effects

r *

—iwt

therefore not necessarily to a free falling one. cause slight deviations from the purely ingoing and outgoing
. behavior in Eq(97) atr—«. However, this way of defini-
A. Black hole exterior tion does not alter the conclusiohs.This—perhaps

In the following we restrict our considerations to the do- SUTPrising—fact can be elucidated in the following way. The
main outside the black hole governedy. . The properties h_orlzgn separates the space inio two mdependent dO’T'a'”S
of the interior will be discussed in the next section. The(Interlor and exteriorand prevents the field modes outside

exterior regionG={r>R} satisfies the conditions imposed from being influenced by the effective "boundary condi-

in Sec. Il A which allows for a particle definition. As a re- tion” at r=0. In view of th.e study of theIC-opergtor n
N - . . terms of the tortoise coordinate, one may consider the
sult, the H--part of the Hamiltonian can be diagonalized

, horizon as some new kind of spatial infinity,(— —) in
formally via addition tor — .
Also for the black hole example the horizon acts opposite
|3|>=$ wrNEH+E,, (93  to a mirror, cf. Sec. IV B. Even for the scenario of a black
hole which is enclosed in a large box with Dirichlet bound-
ary conditions the spectrum of the operathr is still
whereE,, denotes the divergent zero-point energy. continuous—but now not degenerated.
In order to isolate the features that are specific for black For a black hole in an asymptotically flétinboundel
holes, the most interesting region is the neighborhood of thgpace-time there are two contributions to the infinite volume
horizonr~R. To investigate the behavior in this zone we divergence(see Sec. Il B 8(I',I')=A,V: first, the usual

r

introduce a dimensionless variabjewith infinity r,r, —c and secondly, the effective infinity at the
horizonr —R respectivelyr, — —. The former divergence
x=2x(r —R)—h=x(1+O(x)). (94) 8,.(I',T") does also arise in théunboundedl Minkowski

. . . o . _space-time—but not inside a finite b@&.g. with Dirichlet
e e e e PO boudary ” conditons-uhereas. the e avergerce
6_(I",T") is restricted to the scenario of a black hole, but it is
dr Iny not affected by a finite box. E.g., the expectation value of the
f*_fFZZJrO(X)- (95 number “operator” N;- in any KMS state(with a non-
vanishing temperatuyecontains the complete divergence
The new radialr, coordinate is called the the Regge- (NF>T~5+(F,F)+5_(1“,F). One important example is the
Wheeler tortoise coordinate. According to the above arguisrael-Hartle-Hawking9,8] state, the KMS state correspond-
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ing to the Hawking temperatufe= «/(2). For large radial shown that the Hadamard condition is conserved during the
distances to the black hole tieenormalized expectation dynamics of &C” space-time. Accordingly, if the collapse of
value of the energy-momentum tensor evaluated in this stat@ star to a black hole can be described b§ ametric, the
approaches a constant valggoportional toT#). In contrast, ~ consideration above can be used to deduce the Hawking ef-
for the Unruh[4] state—the state describing the black holefect. (The Minkowski vacuum is of course also a Hadamard
evaporation—the(renormalizedl energy density decreases State) However, dropping the assumption o€d space-time
with 1/r2 for large r. As a consequence, the expectationthe situation becomes less clear.

value of the number of particles in this state does not display 'f we compare the outcome of this section with the
the complete divergencé, (I',T'). inkowski example, we arrive at the conclusion that the

It might be interesting to illustrate the point above with formation of the horizon causes a bifurcation in a double

the aid of the Bogoliubov coefficients: If we consider the SENSE. .

spherically symmetric collapse of a star to a black hole the The total Hamiltonian of the fieldd splits up into two
metric outside the initial radius of the star does not changeommuting partsH . and H-.. which account for two inde-
(Birkhoff theorem. Ergo the behavior of the modes at very pendent(physical completeregionsr <R andr >R, respec-
large radial distancesis not affected by the collapse. Ac- tively.

cordingly, this region does not contribute to the Before the horizon has been formed there exists only one
B. o -coefficients and generates {w—w')-term for the  generalized eigenfunction for every given frequency and
«, o -coefficients, cf. alsg2]. Recalling the unitarity rela- fixed angular behavior. This property forbids the definition
tion for the Bogoliubov coefficients in E§81) we arrive at  of ingoing and outgoing particlesee Sec. IV A After the

the conclusion that exactly this term generates théorizon has been formed the spectrum is twice degenerated
S, (I',I")-part of the infinite volume divergence. Following and the definition of ingoing and outgoing particles becomes
Hawking [2] we assume that—for large initial frequencies possible.

w—the Bogoliubov coefficients are related via E@b) in

analogy to Sec. IV C. Proceeding in the same way as in that B. Black hole interior

section we observe that the-integration of the absolute  Our previous investigations focused on the exterior of the
value squared of the, . -coefficients is UV-divergent plack hole. As indicated before we shall now take the interior
again. But in contrast to the Unruh effect this divergenceregion into account. Inside th@on-extremg black hole it
does not contaird. (I',I"), but only 5_(I',I') owing to the  yijelds h(r)<0 and thereforeg,<0, g,,>0, g45<0 and
unitarity relation(81). Consequently the Minkowski vacuum g <0. As a consequence the signature of the metric is
is a KMS state with respect to the Rindler observer, but itjegenerated and thus the particle and vacuum definition pro-
does not transform into a KMS state during the collapse to §osed in Sec. Ill does not apply. However, it is still possible
black hole(if we assume the space-time to be asymptoticallyto obtain a self-adjointc-operator governing the dynamics
flat and therefore unboundedawking derived the relation  of the system. But for this purpose some modifications are
(76) only for the finally outgoing particles. But even if this necessary with the result thét is not given by DD and

_relatlon_would hold for both, th(a‘_mally) ingoing and outgo- thereforenot non-negative. As we shall see later the negative
ing particles, the state would still contain less particles tharbarts ofC correspond to unstable fields modes

the corresponding KMS state. . oL ; <
As it became evident in the previous considerations, thef t";‘ t fgslfirt]h%i:%aroar?ndli(:t gf th%&?:]egor gg'?:' '}é hatls
vicinity of the horizon of a black hole displays many simi- 0 be defined withg™ | Instea ofg g- order to
obtain a positive-definite bilinear form. For reasons of sim-

larities to the scenario of the Unruh effect in Sec. IV C'plicity we restrict our further considerations to the Schwar
Indeed, withy= x?p? the black hole metric approaches the . . ; . )
X= K P PP zschild metrich(r)=1—R/r and start with the functions

Rindler metric in that region
49 = (1222 — dp?— R2AO2) L+ O(Y), @9 Co(G)=Ilin{Cq(0<r<R)®C*(S,)}, (99
whereS, denotes the 2-sphere dfand . Again the Hilbert
together with the angular pad2. This observation moti- spacelL,(G-,|g%)) is given by the completion of all these
vates an argumentation analogue to that at the end of Seftinctions with respect to th@edefined scalar product.
IV D, cf. also[19]. Indeed, it is possible to proVd6] that The degenerated signature permits the definition of a sca-
for a state satisfying the Hadamard requiremémmnong lar product containing' . Accordingly, the subsequent steps
other conditions, segl6]) throughout the complete space- in Sec. lll cannot be adopted here. In particular we cannot
time (and in particular at the horizonhe asymptotic expec- introduce an operatdP such that the self-adjoiri€-operator
tation values correspond to the Hawking temperature. Thés represented by the absolute value squared. ohstead we
ground state of the quantum fielthe Boulware stajeas = may define an operatdg, via
well as every KMS statéwith an arbitrary temperaturebey w
the Hadamard singularity structueavay from the horizon, Ko:Co(Go)CL,y(G< 19°D—L2(G- . [g™)
see[23]. But only that KMS state that corresponds to the

Hawking temperatureT = «/(27)—i.e. the Israel-Hartle- b — ﬂ ihrz% —hV2_¢.
Hawking state—matches the Hadamard conditibithe ho- r2or - or e
rizon. (The same holds true for the Unruh statk.can be (100
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The second term at the right-hand side of the above expreSheir solutions expt \[Ap|t) display a highly(linean un-

sion for Ky generates the negative parts of this operatorstable behavior.

These negative parts originate from the angular derivatives This instability cannot be avoided by introducing an in-

and cannot be obtained in a purely radial symmetric considelefinite metric of the Fock spa¢é3] if we assume the black

eration. hole to be formed by a collapse because in this case the Fock
Obviously K is Hermitian with respect to the scalar space is initially well-defined and obeys a positive definite

product containing the weight/h| (and—g=r2sind). In  metric (¥|¥)=0.

addition—since Defy) =Cy(G.) is dense in the underly- One might suspect that the initial conditions are just in
ing Hilbert spacel,(G-,|g°))—it is densely defined and such a way that the exponentially increasing solutions do not
therefore symmetric. occur, cf. alsg44]. Employing an analogue from classical

Now we can make use of the following theorésee e.g. mechanics this situation corresponds to a point-mass moving
[35]): Every symmetric and-real operator acting on a com- 0n the top of a parabolic hill which just comes to rest at the
plex Hilbert space possess@s least ongself-adjoint exten-  zenith of the parabola. However, within quantum theory no
sion(s). As a result we will always find a self-adjoint opera- (regulaj stationary state exists in such a scendkigisen-
tor K (as an appropriate extension #f,) governing the berg uncertainty relation Even if the expectation value of
dynamics of the field. In terms df the Lagrange function in the amplitudeQ; vanishes for all times, its variance in-
Eqg. (13) for the interior domain assumes the simple form creases exponentialljor late times.

Since the unstable behavior described above accounts for
the time-evolution of theggloba) modesI' it describes a
global instability which should not be confused with the con-
cept of local stability usually associated with the Hadamard
Note that in contrast to Eq20) the global sign has changed. condition, cf.[13] and[23].

However, this global sign does not affect the equation of |t should be mentioned here that potential terfwhich
motion, but—as it will become evident later—the negativewe have omitted in Sec.)llmay also give raise to negative
parts of theXC-operator do so. parts of thekC-operator. E.g., if the assumptions in Sec. Il B

Since the self-adjoink’-operator represents an extensionfajl and the scalar curvaturg assumes negative values over
of the original operatoi’y these two operators have to co- 3 |arge enough volume the operatdtsand K are not non-
incide on the subspadgy(G-). Accordingly, it is possible negative. However, in this situation thé-operator is still
to construct test functionsw(r,&,¢)=w(r)Vim(%,¢)  bounded from belowif R does not diverge Hence only
e Cy(G.) generating negative expectation values of themodes up to a certain quantum number are unstable. These
KC-operator via modes are strongly correlated to the global structure of the

space-time. Special care is required concerning the interpre-
tation of the instability caused by mass terms. Mass terms
that are generated by the Higgs mechanism occur in the ef-
(102 fective Lagrangian for low excitations and cannot be ex-
trapolated to large amplitudes. Restricting ourselves to the
If we choose the angular quantum numberery large the massless and minimally coupled scalar figdd a model for
expectation valu¢w||w} equals negative numbers of arbi- the photon fieldl only the instability due to the angular de-
trarily large absolute values, even for normalized test funcrivatives remains where all these objections do not apply.
tions {w|w}=1. Hence the spectrum of is unbounded In order to interpret the instability it might be interesting
from below. (Of course it is also unbounded from abave. to investigate the corresponding proper or generalized eigen-
Diagonalizing the Hamiltonian by means of a quasi-unitaryfunctions. Near the horizofinwardg, the modes behave as

transformationV in analogy to Sec. Ill yields .
fr~exp(—r \p)~(2«[R-r]) M9, (105

1 R A
H<:_§ (PE+ArQD). (103 Depending on the behavior at the origir=0 one might
r expect the existence of proper eigenfunctidpsat some
points of the negative part of the spectrum.

However, even if no proper angointwise or locally de-
fined generalized eigenfunctions exist, one may still con-
Atruct suitable distributiong with analogous properties
42]: Considering  the  Schwartz-Sobolev  space
1(a,V)CLy(a,V) of all continuous functions over the
pectrum o of the K-operator we may define a Dirac
S-distribution as a linear functional over this space. This dis-
tribution 6= 6(\,\r) is then defined within the dual space
42 &_1(o,)V). It represents a generalizg—;:d eigendistribution of
—2Qr=|?\r| Or. (109 the dllagonalllzed IC-operatqr VICJ}/ 5rfM5r:Kr5r-

Hence its spatial representatibp=)"45r exists at least as a

1. . < 1 <
Lo=— §{®|¢}1 + E{CD|’C|‘:D}1 . (101

{W|IC|W}=fRdr(|h|r2|¢9rw|2—I(I+1)|w|2)<0.
0

The interior Hamiltonian is still self-adjointby Stone’s
theorem—nbut it is notbounded from above and below. Ergo
it does not possess a ground state, and a definition of p
ticles as excitations over the ground state is impossible.

As mentioned before, the global sign does not affect th
equations of motion, but the occurring negative eigenvalueg
Ar do so: The modeF corresponding to negative eigenval-
ues\ obey the following equations of motion:
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distribution over V'&,(¢,V) [which is dense in JRIr
L,(G-,|g°)] and describes an eigendistribution/6f The dt_)dttl—R/r dr, (108

construction described above generates non-vanishing
eigendistributiond - for all non-singular pointgof the spec-  the metric of the black hole can be cast into the Painleve
tral measurel’ of the spectrunw. Since every open interval Gullstrand-Lemare [45—47] form
of ¢ contains non-singular points we can always find an
appropriate modé’ wheref exists.

Using these eigendistributiorfg(r) we can construct so-
lutions of the Klein-Fock-Gordon equation of the form

R R
ds’= ( 1- - dt?+2 \[rdtdr—drz— r2dQ2. (109

This metric is regular everywhere except at the singularity at
Fr(r,t)=exp = \/mt)fp(r), (106 r=0. The transformation of the unstable solutions in Eq.
(106 into this coordinate system via E@L08), i.e. t—t
if we choose a modé' from the negative part of the spec- +Z(r), merely results in a simple-dependent factor
trum. As a consequence, the equation of motion does not
only possess unstable solutions—even the degree of the in-  Fr(r,t)=exp(V|\r|t) fr(r)exp(= V| r|E(r)), (110
stability [\ | can be arbitrarily large. In a vivid description . _ _
one may speak about an explosion interiorly. while thg unstab.le behaylor perslsts. Thg same holds true for
It should be mentioned here that (partia) negative the Eddington-Finkelstein coordinates with=t+r, .
Hamiltonian, i.e. a(partia) negative generator of the time-
evolution, isnot sufficient for the prediction of an instability. ds?=
As a counter-example we may consider at(1) dimen-

sional black hole withds’=hdt*—dr?/h. In this situation Within these coordinates ingoing light rays are simply gov-
there are no angular terms and thus the interior as well as the going fig y Py 9

exterior K-operator are both non-negative. Consequently th€ med by = const. Both coordinate systems lead to a station-

equation of motion is completely stable. Of course, the inte2"Y (but not statig metric, i.e. the evolution parameter still

. A . i ) . coincides with a Killing vector(This is not the case for the
rior HamiltonianH - displays a global minus sign, but this i skal metric) In summary the instability of the field equa-
does not affect the equation of motion tion inside the black hole turns out to be a quite general
phenomenon.

R
1—~F>dvz—2dvdr—r2d02. (111

H=H.+H_
C. Back reaction
The Eddington-Finkelstein metric in E¢L11) allows for
a demonstrative visualization of the unstable behavior: If one

1 R ) emits radially ingoing light pulses in uniform intervals these
- Ei‘ (PE _+0% _QF ). (107  beams are labeled by equidistant values ofAccording to
Tr,<

1 . o
=¥ (B7 .02 GF.)
r,>

the results of the previous section the amplitude of the field

® inside the black hole increases exponentially with rising
Moreover, although the total Hamiltonian is unbounded fromnumbersy of the light rays. Hence we may draw the conclu-
above and below, it splits up into two independent partssion that the instability is not just an artifact caused by an
which are bounded. The existence of a horizon is essentighappropriate description but a physical effect.

for this bifurcation. In a flat space-time the Wightmjati] Nevertheless, for an eternal black hole the outside ob-
axioms(spectral conditiondemand a non-negative generator server is completely causally separated from the region of
for stability. the instability. Hence the interpretation of the unstable be-

The Schwarzschild metrids’=hdt?—dr?/h or ds*  havior is not obvious in that case. But if one considers the
=hdt?—dr?/h—r2dQ? possesses a unique analytic continu-possibility of the decay of the black holao matter whether
ation to values of beyond the horizon<R. In contrast the via evaporation or explosigrand assumes that this decay
analytic continuation of the Rindler metric to negative valuescan be described using one of the coordinates above the un-
of p does not lead to a degenerated signature and complestable behavior should be releva(®@f course, the assump-
values ofp and/or7 do not describe a physical sheet of thetion of an eternal black hole automatically excludes some of
space-time. As a consequence one obsemedsstability in  the scenarios where the instability may become releyant.
the Rindler metric—i.e. the scenario of the Unruh effect. In order to investigate the consequences of the instability

The notion of the unstable behavior obtained above referene has to deal with the back-reaction problem. Within all of
to the timet measured by arfoutside observer at a fixed our previous considerations the quantum field was regarded
spatial distance to the black hole. One might argue that thias a test field, i.e. it did not influence the giveaxternally
time coordinate is not capable for describing effects insidgrescribedl space-time. It is known from classical field
the black hole due to the coordinate singularityratR.  theory(see e.g[48] and references thergithat the forma-
However, the instability obtained above is not restricted tation of the horizon and the singularity may well be affected
the Schwarzschild coordinates—it occurs in other coordinat®y the scalar fieldb. (For quantum field theory one expects
systems as well: By virtue of the transformation that the back-reaction will become important at the Planck
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scale) However, Ref.[48] deals with radially symmetric This possibility cannot be excluded within the frame-
fields only. For that reason the unstable behavior was not work of quantum field theory in givetexternal space-
obtained there. The correct implementation of the back- times. However, the situation of a completely static
reaction of a quantum field has to be determined by an un-  black hole (neglecting the Hawking effect, which is
derlying theory unifying gravitational and quantum effects. very small for macroscopic black hojeseems to be
Since we have no well-established solution to this problem,  rather strange. In that case the amplitude of the field

we may only speculate about the impact of the quantum field ~ €xceeds the Planck scale after a finite period of time

on the metric based on physical reasonable arguments. There ~(measured by an outside obsepvédence one would
are several possible consequences: expect drastic modifications of the space-time.

The explosion of the complete black hole D. Sonic analogue of black holes

In 1980 Unruh[12] discovered a very interesting model
. -, _ . for the kinematics of fields in curved space-times. He con-
Tr*])' Hence they r?a.ch after a f'F"te period of sidered the propagation of sound waves in flowing fluids
time the Planck scale vicinity of the horizon, where theWhere the effective equation of motion assumes the same
classical treatment of the gravitation is expected 0ty a5 the Klein-Fock-Gordon equation in curved space-
break down. In that case one might imagine that thgjnes The effective metric depends on the particular flow
wave front” destroys the horizon and thus the com- e ‘Many investigations have been devoted to this topic
plete black hole(Such an event might perhaps be re- j,ring the last years, see e[g0], the recent work22], and
garded as a toy candidate for the big barig.view of ot aces therein.

arguments concerning the time-reversal symmetry pgefore discussing the consequences of the results of the
there is no obvious reason why the explosion of theprevious section within this scenario we shall repeat the ba-
complete black hole should be impossible. sic ideas: The flow of a fluid can be described by its local
velocity field v, its densityp, and the pressurp. The dy-

As long as there is some matter falling into the blackp,mics of the fluid is governed by the non-linear Euler equa-
hole its horizon increases. Depending on the particulaf;,

dynamics of the metric this may prevent the “wave

The unstable field modes evolve as e¥p([[t

front” from “reaching” the vicinity of the horizon. ) Vp
But for a static black hole there is no way to avert the vH(V)v+ —=foy, (112
impact. ¢

if we neglect the viscosity, and the equation of continuity
One should be aware that most of the theorems of clas-

sical general relativity—e.g. the black hole analogues o+V -0 113

of the laws of thermodynamics—are based on appro- e (¢v)=0. (13
priate energy conditions, df33]. But incorporating the £y reasons of simplicity we restrict our further consider-
expectation value of the energy-momentum tensor okinns to a constant speed of sound This implies the very
_the quantum field these energy conditions do not hOIdsimpIe relation between the density and the pressure
in general. In some cases one may employ averaged .2, | e assume an irrotational floW X v =0, we may
energy conditions instead, but even the validity of AMintroduce a generating scalar fiald= V& . Now we linearize

tahveragetdbciondliuc;p 'S b% ?r? r?eladns obvt|_ous In view Ofyne non-linear system of the two equations above around a
€ unstable solutions ot the Tield equation. fixed background solution via

The prevention of the singularity at=0 D=Dyted,+O(£2)

One might expect that the impact of the instability is at
the originr=0 much stronger than at the horizon
=R. In fact, also those theorems of general relativity
that predict a space-time singularity after a gravita-
tional collapse are based on energy conditions. Ac-
cordingly, taking the back reaction of the quantum
field into account, the formation of the singularity may
perhaps be avoided. Instead one might imagine som
kind of quasi-oscillations: Impelled by th@xponen-
tially large) amplitudes of the quantum field, the matter
around the origin blows up, absorbs the excitations o
the field, collapseswhile the field repeatedly evolves
exponentially, and eventually blows up again. (

v=vgtev,+ 0(82),
p=po+eps+O(e?),
0=00+te0;+0O(g?). (114

his enables us to consider the propagation of small pertur-

ations —i.e., sound waves—within a given flow profile. It
turns out[12] that the potentiafb,; of the fluctuations satis-
1ﬁes the Klein-Fock-Gordon equation with the effective
(acousti¢ metric

Qo
The field does not affect the metric Gur= Cs

(115

CS_US Uo)

Uo -1

024014-17



RALF SCHUTZHOLD PHYSICAL REVIEW D 63 024014

Ergo sound waves in flowing fluids share a lot of interestingRindler metric we exactly recover the well-known Unruh
features with fields in curved space-times. E.g., the surfaceffect.
of transition from subsonic to supersonic flow represents the If we employ the same formalism in order to investigate a
acoustic analogue of a horizon. For a stationary and radiallplack hole the associated space-time splits up into two inde-
symmetric flow this surface possesses even the properties pendent domains, inside and outside the horizon, respec-
an event and an apparent horizgbinfortunately this sce- tively. Within the presented approach a particle definition
nario exhibits the problem of fluid conservation &t 0 can be accomplished for the exterior region only.
which has to be evaded in some way. The quantum field inside the black hole possesses a
Selecting a particular velocity profite==r{R/r3itis  highly unstable behavior. The corresponding Hamiltonian is
possible[20] to simulate a space-time which obeys —up to aunbounded from above and below. Accordingly, it is not
conformal factorr~32—the PainleVeGullstrand-Lemdre  possible to define a vacuum as its ground state and particles
[45—-47 metric in Eq.(109). According to the results of the as excitations over this state.
previous section the Klein-Fock-Gordon equation possesses This instability is not a remnant of an inappropriate de-
unstable solutions inside the black hole. Consequently, alsgcription but a physical effect. Due to our lack of understand-
the sound waves within the supersonic region obey an instang the unification of quantum theory and gravity the conse-
bility. The conformal factor mentioned above and the coor-quences of this effect are not altogether cl@sack-reaction
dinate transformation in Eq.(108 do not alter this problem. In view of the sonic analogues of black holes—
conclusion—see the remarks in the previous section. where the unstable solutions go along with the breakdown of
In contrast to the “real” black hole, where the conse- the laminar flow—one might expect that the instability indi-
quences of the instability are naftpriori clear(back-reaction  cates(at least the breakdown of the treatment of quantum
problem), there is no possibility to avoid the instability for fields in given(externally prescribedspace-times.
the acoustic black hole models since in that cagenotes
the appropriate time also for an inside observer and the B. Discussion
sound waves affect the fluid directly. . i
In the theory of fluid dynamics, such an instability is a In order to elucidate the outcome of the formalism pre-

well-known indicator for the breakdown of the laminar- ~ Sented in this article it might be interesting to discuss the
rotationa) flow, see e.g[49]. l.e., that flow does not repre- main statements together with their relations to other ap-

sent a stable fixed point of the non-linear equation of motionProaches: As we have observed in Sec. IV A, the particle
Accordingly, any small disturbance will grow up exponen- definition via diagonalization of the Hamiltonidequivalent
tially until the non-linear regime has been reachgshould 0 the energydoes not allow for the introduction of ingoing

be mentioned here that the unstable behavior obtained abo@d/0r outgoing particles in the Minkowski space-time. The
is not a downstream instability, df49], since the perturba- Same holds true for more general regular space-times. As a
tion increases exponentially also at a fixed radilign order ~ consequence, the vacuum coinciding with the ground state
to investigate the behavior of the flow after leaving the un-cannot be defined as that state that is annihilated by the “op-

stable fixed point—e.g. pattern formation or turbulence—erators” A corresponding to purely ingoin@nd/or outgo-
one has to consider the non-linear region. For quantum field&g) components expfiwv)/r [and/or exp{-iwu)/r], with v
in curved space-times one expects to reach the non-lineart+r andu=t—r. Instead the ground state gets annihilated
regime at the Planck scale where the back reaction stronglyy “operators” (strictly speaking, operator-valued distribu-
contributes. tions) corresponding to standing waves, i.e. superpositions of
Recalling the outcome of the previous section the unstabléngoing and outgoing components with equal weights. Ergo,
behavior of the equation of motion results from the angularconsidering the collapse of a star to a black hole the initial
derivatives of theC-operator. Ergo we may draw the conclu- ground state cannot be uniquely and consistently defined by
sion that the quantum field inside the black hole as well aghe requirement “no ingoingor incoming particles(or ra-
the supersonically flowing fluid favor a spontaneous breakdiation).” Reference[4] states explicitly:Note that we have
ing of the radial symmetry, similar to the formation of a not defined the vacuum by minimizing some positive-definite-
vortex in the drain of a basin. operator expectation value (e.g. the Hamiltonian), but we
have defined the vacuum as the state with no incoming par-
ticles. In order to investigate the relationship of the state

V1. CONCLUSIONS defined in this way and the initial ground state additional
considerations are necessary.
A. Summary In contrast to the Minkowski case the ground state of the

For a m|n|ma||y Coup|ed, massless and neutral Sca|aﬂuantum field in the exterior bIaCk h0|e Space_-time—the
quantum field® propagating in an arbitrary physical com- BOL_leare state—_ has to be defmed_ wa_demandlng 'Fhat the
plete and causal space-tifve that possesses a static metric action of the annihilators fdooth, the ingoingand outgoing
of non-degenerated signature it is possible to perform a pamodes, yields zero¥ ;y,im:As,im/ ¥'s)=0. This fact illus-
ticle definition via diagonalisation of the Hamiltonian. trates the bifurcation caused by the formation of the horizon.

Application of this method to thg3+1)-dimensional However, if we assume the black hole to be enclosed by a
Minkowski space-time yields the nonexistence of radial in-large sphere with e.g. Dirichlet boundary conditions then the
going and outgoing particles. For thd+1)-dimensional definition of ingoing or outgoing particles is impossible
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again. This observation demonstrates manifestly that the pashould be devoted to the extension of the previous results to

ticle interpretation is a global concept—it may be influencedstationary metrics(Without any Killing vector generating

by objects(e.g. the sphejeat arbitrarily large distances. the time-translation symmetry it is probably impossible to
As another difference between the black hole and th@erform a unique and physical reasonable particle defini-

Minkowski situation we may recall the fact that the tion.)

KC-operator of the black hole possesses—even in the presence Another important extension of the provided formalism is

of a finite sphere—a continuous spectrum. Due to the addi@iven by the incorporation of the electromagnetic field

tional effective infinity at the horizon the infinite volume 1

divergence of the black hole space-timannotbe regular- L=—F,F"* (116

ized by enclosing it by a finite boXThis regularization ap- 4

plies only to space-time without any horizpn.

There are two main interpretations of the Hawking offect: | N€ Maxwell theory possesses primary and secondary con-

. . ) . straints[32]. These gauge problems have to be solved before
The f|r§t view con5|ders'the par'tlcles to be produged bY t.h he gquantization and the particle definition becomes possible.
dynamics of the space-time during the collapse while withing . way to accomplish this—which seems to be suitable to
the second view the radiation is created in a steady rate aftefa canonical approach—is the method of reduction of vari-
the collapse. The observations in Sec. V, i.e. the splitting ofpes[50]. Nevertheless there is no obvious reason why the
the total Hamiltonian into two independent parts and the diygain results of this article should not persist. The equation of

agonalization of the exterior part by a suitable particle defiotion of the electromagnetic field is given by
nition (where the number of particles is conseryelipports

the former interpretation. 1
The Hawking effect may be regarded as the verification of V, Frr'=—=0,(/—9gg"*"g"d,A,)
the extension of the laws of thermodynamics to objects like \/—_g
black holes. This effect allows us to assign a temperature to
the black hole vial =1/(8M) for the Schwarzschild black _ L& (
hole with h=1—2M/r. As a result the associated heat ca- NER
pacity of the black hole turns out to be negative: If the mass
(energy increases the temperature decreases. The classidabr a very rough estimate one may drop the second term,
laws of thermodynamics predict that an object obeying awhich is related to the longitudinal degrees of freedom. The
negative heat capacity will be unstable. Accordingly, the in-remaining equation possesses unstable interior solutions
stability of the black hole interior as observed in Sec. V Bsimilar to the scalar field scenario.
might also be regarded as a verification of the application of The investigation of the Dirac field
thermodynamics to black holes.
The consequences of the unstable behavior of the Klein- _li o
Fock-Gordon equation in the interior of the black hole can- L=V Ey“D#—m L4 (118
not be deduced rigorously within the framework of quantum
fields in (externally prescribedspace-times. The evaluation

V=99*9"7d,A,)=0. (117

: g o around charged black holes creates some new kind of prob-
of the impact of this instability demands the knowledge of ems, see e.g21]. Similar to the Schwinger mechanism in

the back reaction which has to be determined by a unifyin he semi-classical description a tunnelling process is pos-
theory. Nevertheless, if the underlying theory possesses &lble. This tunnellin rot?abilit ives raisge t% the uest?on
evolution parameter corresponding to the Schwarzschil&f h h bl gp . yr? feld hq ical
timet (or one of the other coordinates discussed in Sec) V go' W ether a stable vacuum in the quantum field theoretica
and contains the treatment of quantum fields and externé‘eatm?m exists. . . - . .

metrics in some limiting case, then one would expect that the Having obtained a linear instability of the linear equations

representation of a black hole also obeys the linearly un9f motion one may ask whether the unstable behavior per-

stable behavior(This would be consistent with the fre- sists for non-linear equations of motion including interaction

- 4 . _ -
qguently adopted interpretation that black holes are highl)}[g:mz’ fc;rr:gf;?gcnée)v\} Cs)tr;ilg]lﬁzgzusgierﬁ;trc])?tttl:]: gozallt?oenarof
excited states of the unifying theoyy. 9 P 4

For the situation of the acoustic black hole the interpreta—mouon_"e' a non-perturbative stabilization of the black
tion of the unstable behavior is more obvious. Without an ole. However, in th's. case the amplltud_e of th_e f|elq _has to
mechanism preservin@nforcing the radial symmetrye.g. bii I?C?tfd retl)titform? :'Xed Sclgf |W%? t(rnhﬁeﬁpbmStﬁb |I:ty
effects of super-fluidst is probably impossible to realize the ExISs Tor arbitrary large scalgar|. This might be an argu--
ment for the dominance of the unstable linear contribution in

sonic analogue of a black hole experimentally. this region. In order to elucidate this point it is necessary to
) consider the scale behavior of the interacting theory.
C. Outline This article considers the propagation of quantized fields
The particle definition presented in this article is restrictedin a given(i.e. externally prescribgdpace-time. To examine
to static space-times. This includes the Schwarzschild anbow the quantum fields influence the metric one has to deal
the Reissner metric, but not the Kerr space-time describing with the back-reaction problem. Within the canoni@apera-
rotating black hole. Accordingly, further investigations tor) quantization one usually employs the renormalized ex-
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